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12 Kunitomo and Takahashi (1995, 2001), and Takahashi (1999) have
proposed a new methodology, called Small Disturbance Asymptotics, for
the valuation problem of financial contingent claims when the underlying
asset prices follow a general class of continuous Ito processes. It can be
applicable to a wide range of valuation problems including complicated
contingent claims associated with the Black-Scholes model and the term
structure model of interest rates in the Heath-Jarrow-Morton framework.
Our approach can be rigorously justified by an infinite dimensional analysis
called the Watanabe-Yoshida theory on the Malliavin Calculus recently

developed in stochastic analysis.

1. Introduction. In the past decades various contingent claims including fu-
tures, options, swaps, and other derivative securities have been introduced and
actively traded in financial markets. Except some simple cases such as the original
Black-Scholes model in which the underlying assets follow the geometric Brownian

motions and the risk free rate is constant, however, it has been difficult to de-
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rive the explicit formulae for the fair market values of financial contingent claims.
Meanwhile, Kunitomo and Takahashi (1995, 2001), and Takahashi (1999) have pre-
sented a new methodology called the Small Disturbance Asymptotic Theory which
is widely applicable to the valuation problem of financial contingent claims when
the underlying asset prices follow the general class of continuous Ité processes. They
have given rather simple formulae which are useful for various valuation problems
of contingent claims in financial economics.

For the Black-Scholes economy, Takahashi (1999) has systematically investigated
the valuation problem of various contingent claims when the vector of d asset prices
Sy = (S (i =1,---,d ;0 <t <T < +oc0) follows the stochastic differential

equation :
(L1) Si=5i+ / (S, 0)do + 3 / o (S, v)dw]
0 =i/

where d x 1 vector pi, (Sy, v) = (1t (Sy, v)) and d x m matrix o,(Sy,v) = (622 (S,, v))
are the instantaneous mean and the volatility functions, respectively, and {w’} are
Brownian motions. In this Black-Scholes economy, we have to change the underlying
measure because of the no-arbitrage theory in finance. (See Chapter 6 of Duffie
(1996) on the standard theory, for instance.) Then we can consider the situation

when S satisfies
t t

(1.2) 59 = 5y + / (89, 0)SE dv + € / o (S5, v)dw, ,
0 0

where Sée)(: (Sée)i)) is a d x 1 vector with the parameter ¢ (0 < e < 1),

o 1(,6),1)) (d x m) is the volatility term, r(-,-) is the risk free (positive) interest

rate, and w, (= (w?)) is an m x 1 vector. The Small Disturbance Asymptotic Theory

under the no-arbitrage theory can be constructed by considering the situation 3

3The limit of stochastic process St(e) is the solution of an ordinary differential equation when

€ — 0 in this formulation. There can be an altenative formulation such that the limit is the solution
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when € — 0 and we can develop the valuation method of contingent claims based
on {5\

For the term structure model of interest rates in the HJM framwork (Heath,
Jarrow, and Morton (1992)), let P(s,t) denote the price of the discount bond at s
with maturity date t (0 < s <t <T < 400). When it is continuously differentiable
with respect to ¢ and P(s,t) > 0 for 0 < s < ¢t < T, the instantaneous forward
rate at s for future date t (0 < s < ¢ < T) is given by f(s,t) = —% . The
no-arbitrage condition requires the drift restrictions on a family of forward rates

processes {f(s,t)} for 0 < s <t < T to follow the stochastic integral equation:

(13)  f(s,t) = £(0,) / [ F,0), v,t)/vtai(f(v,y),v,y)dy dv

S ’L d
+;Amw%vov,

where f(0,t) are non-random initial forward rates, {w? ;i =1,---, m} are m Brow-
nian motions, and {oi(f(v,t),v,t);i = 1,---,m} are the volatility functions. When
f(s,t) is continuous at s = t for 0 < s < t < T, the instantaneous spot interest
rate process can be defined by r(t) = lims_; f(s,t) . In this framework of stochas-
tic interest rate economy, Kunitomo and Takahashi (1995) have investigated the

valuation of contingent claims when a family of forward rate processes obey :
t .
(14) f©)(s,1) = 0t+5/2[ @wvo/ﬂWMMﬂmym
v

° i p(e) d
—l—E;/O o' () (v, t), v, t)dw

of a stochastic differential equation. See Kim and Kunitomo (1999), Kunitomo and Kim (2000),
S¢rensen and Yoshida (2000), or Takahashi and Yoshida (2001) on this formulation and some
applications in financial problems. However, it requires a set of different arguments including the

partial Malliavin-covariances.
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where 0 < £ < 1. The volatility functions {o*(f®)(s,t),s,t);i =1,---,m} depend
not only on s and t, but also on f()(s,t) in the general case. The instantaneous spot
interest rate process can be defined by 7()(¢) = lim,_,; f)(s,t) . Then the Small
Disturbance Asymptotic Theory can be constructed by considering the situation

when € — 0 and we can develop the valuation method of contingent claims based

on {f(9)(s,t)} and the discount bond prices
T
(1.5) PO, T) = exp[—/ O, u)du] .
t

The main purpose of this paper is to give the validity of the asymptotic expan-
sion approach along the line called the Watanabe-Yoshida theory on the Malliavin
Calculus recently developed in stochastic analysis. The Malliavin Calculus has been
developed as an infinite dimensional analysis of Wiener functional by several prob-
ablists in the last two decades. We are intending to apply this powerful calculus
on continuous stochastic processes to the valuation problem of financial contingent
claims along the line developed by Watanabe (1987) and subsequently by Yoshida
(1992). However, the continuous time stochastic processes appeared in financial eco-
nomics are not necessarily time-homogeneous Markovian in the usual sense while
the existing asymptotic expansion methods initiated by Watanabe (1987) and re-
fined by Yoshida (1992) have been developed for the case of time homogeneous
Markovian processes. Hence we need to extend some of the existing results on
the validity of the asymptotic expansion approach. Also the mathematical devices
used in the Watanabe-Yoshida theory have not been standard for finance as well
as in many applied fields due to the recent mathematical developments involved.
In this paper we are intending to give a rigorous discussion on the validity of the
asymptotic expansion approach in a unified way. Although some of the following

derivations have been already reported in Kunitomo and Takahashi (1995, 2001),



Contingent Claim Analysis 5

and Takahashi (1999), these papers did not have given many important proofs on

the validity of the asymptotic expansion approach.

In this paper we shall also illustrate the usefulness of the asymptotic expan-
sion approach by showing some numerical examples. Since there have been several
related papers already appeared (Kunitomo and Takahashi (2001) and Takahashi
(1999), for instance), we shall only discuss simple examples with analytical difficul-

ties from other approaches.

In Section 2, we give some preliminary mathematical devices, which shall be
needed in the following derivations. Section 3 is on the validity of our approach for
the continuous Markovian setting, while Section 4 is on the validity of our approach
for the HJIM setting of the interest rates model. We give some numerical examples
in Section 5 and concluding remarks in Section 6, respectively. Some mathematical

details will be given in the Appendix.

2. Preliminary Mathematics. We shall first prepare the fundamental re-
sults including Theorem 2.2 of Yoshida (1992), which is in turn a truncated version
of Theorem 2.3 of Watanabe (1987). The theory by Watanabe (1987) on the Malli-
avin Calculus and Theorem 2.2 of Yoshida (1992) are the fundamental ingredients
to show the validity of our asymptotic expansion method. This is the reason why
we call it as the Watanabe— Yoshida theory on the Malliavin Calculus. For our pur-
pose, we shall freely use the notations by Ikeda and Watanabe (1989) as a standard
textbook. The interested readers should see Watanabe (1984, 1987), Tkeda and

Watanabe (1989), Yoshida (1992, 1997), Shigekawa (1998) or Nualart (1995).

2.1. Some Notations and Definitions Let W be the m—dimensional Wiener

space, which is a Banach space consisting of the totality of continuous functions
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w : [0,T] — R™ (w(0) = 0) with the topology induced by the norm || w ||=
maxo<i<7 |w(t)| . Let also H be the Cameron-Martin subspace of W, where h(t) =
(h(t)) € H is in W and is absolutely continuous on [0, T] with square integrable

derivative A(t) endowed with the inner product defined by

m T
(2.6) <hi,ha>p=)Y / ) () (s)ds .
j=1"0

We shall use the notation of the H—norm as |h|?, =< h,h >y for any h € H.
A function f : W +— R is called a polynomial functional if there exist n € N,

hi,he, -+, h, € H and a real polynomial p(x1,x2,- -, Z,) of n-variables such that

f(w) = p([h1](w), [ha](w), - - -, [hn](w)) for h; = (hi) € H, where

m T .o .
(2.7) ) =Y [ iddw
j=1"0
are defined in the sense of Tto’s stochastic integrals.
The standard L,-norm of R—valued Wiener functional F' is defined by [|F||, =
([ |F1PP (dw))*? . Also a sequence of the norms of R-valued Wiener functional

F for any s € R, and p € (1,00) is defined by

(2.8) 1Ellps = 11 = £)*2F |l ,

where £ is the Ornstein-Uhlenbeck operator and ||-||,, is the L,-norm in the stochas-
tic analysis. The O-U operator in (2.8) means that (I — £)¥2F = >0 (1 +
n)*/2J,F , where .J, are the projection operators in the Wiener’s homogeneous
chaos decomposition in Lo (R). They are constructed by the totality of R—valued
polynomials of degree at most n denoted by P, .

Let P(R) denote the totality of R—valued polynomials on the Wiener space
(W, P). Then P(R) is dense in L,(R) and can be extended to the totality of
smooth functionals S (the C*° functions with derivatives of polynomial growth

orders). Then we can construct the Banach space D,(R) as the completion of
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P(R) with respect to [ - ||, s. The dual space of D,(R) is the D *(R), where

s€ R, p>1,and 1/p+1/q = 1. The space D*(R) = Ng>0 Ni<p<too Dp(R) is
the set of Wiener functionals and D (R) = U= Ni<p<+oo D, (R) is a space of
generalized Wiener functionals. For F € P(R) and h € H, the derivative of F' in

the direction of A is defined by
1
(2.9) DypF(w) = 1ir% E{F (w+eh)—F(w)}.

Then for F € P(R) and h € H there exists DF € P(H®R) such that D), F(w) =<
DF(w),h >p, where < - >p is the inner product of H and DF is called the
H—derivative of F. Also for F € S(R) there exists a unique DF € S(H ® R) .
More generally, for a separable Hilbert space E, a function f : W — FE is called a
polynomial functional if there exist n € N, hy, hs, - -+, h, € H and real polynomials

pi(x1, X2, -+, x,) of n-variables such that

d
f(w) = Zpi([hll(w), [ha](w), - -, [n] (w))e;

for some d € NN, where e1,---,e4 € E. The totality of E—valued polynomial
functions and the totality of E—valued smooth functionals are denoted by P(E)
and S(FE), respectively. By extending the above construction for P(R) to S(E),
there exists DF € S(H ® E) such that D, F(w) =< DF(w),h >g, where < - >g
is the inner product of H.

By repeating this procedure, we can sequentially define the k—th order H —derivative
DFF € S(H®* @ E) for k > 1 and it is known that the norm | - ||, is equivalent
to the norm >3 _, [|[D* - ||,. In particular, for F = (F") € D;,(Rd), we define the

Malliavin-covariance by

(2.10) oyc(F) = (< DFY(w), DF(w) >g) (4,5 =1,---,d).
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2.2. Asymptotic Expansions Let X&) (w) = (X' (w)) (i=1,---,d ;e € (0,1])
be a Wiener functional with a parameter €. Then we need to define the asymptotic

expansion of X (¢) (w) with respect to ¢ in the proper mathematical sense. For k > 0,

X©)(w) = 0(e*) in D;(E) as € | 0 means that

x ()
(2.11) lim sup | X < +o00.

el0 Ek

Ifforallp>1,s>0and every k=1,2, -,

(2.12) X (w) — (g1 + g2+ +"Lgr) = O(e")

in D (E) as ¢ | 0, then we say that X©)(w) has an asymptotic expansion :
(2.13) XE(w) ~ g1 +eg2+ -+

in D*(E) as € | 0 with g1, g2, -+ € D®(E).

Also if for every kK = 1,2,--- there exists s > 0 such that, for all p > 1,
X©(w), 91,00, € D,*(E) and

(2.14) X (w) = (g1 +ga+ - +"1gp) = O(Y)

in D,*(E) as ¢ | 0, then we say that X©(w) € D 7(E) has an asymptotic
expansion:

(2.15) XO(w) ~ g1 +ega+ -

in D (E)ase | 0with g1, g0,---€ D (E).

Let S(RY) be the totality of C rapidly decreasing functions on R? and 8 ' (RY)
be its dual. Also let n° € D°°(R) and ¥(y) be a smooth function such that 0 <
P(y) < 1lfory € R (y) =1 for |y] < 1/2 and ¢ = 0 for |y| > 1. It has been

known that if for any p > 1 the Malliavin-covariance of X(¢) € D*°(R?) satisfies

-p
(2.16) sup E[1{e1<1} (det[aMc(X<f))]) ] < o0,
€€(0,1]
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the composite functional G = 1(n°)G o X© € D™ (R?) is well-defined with any

Ge S,(Rd) . Then the coupling

(2.17) p=< G,J >p~= p= < G(X©)),p(n°)J > pe

for any J € D*°(R?) is well-defined and we can use the notation of the expectation
E[¢(n°)G(X )] by taking J = 1 . With these formulations and notations we are
ready to state a simplified version of Theorem 2.2 of Yoshida (1992), which is a
truncated version of Theorem 2.3 of Watanabe (1987). The validity of the asymp-
totic expansion is obtained by showing that the conditions of the next theorem are

met in our situations.

THEOREM 2.1. [ Yoshida (1992) ] : Suppose a set of sufficient conditions given
below are satisfied.
(1) {X©(w);e € (0,1]} € D®(R?Y) with X©) (w) = (X&) (w)) . (2) X©) (w) has
the asymptotic expansion : X (w) ~ g1 + ega + -+ in D®(R?Y) as e | 0 with
91,92, - € D®(RY). (3) {n°(w);e € (0,1]} € D®(R) and it is O(1) in D*°(R)
ase | 0. (4) For anyp > 1

-bp
(2.18) sup E[lg,e<1y (det [O'Mc(X(E))}) ] <oo.
66(071]

(5) For any k > 1,
: —k e 1

(2.19) lime ™" P{n°|>=-}=0.
e—0 2

(6) Let ¢©)(z) be a smooth function in (z,€) on R x (0,1] with all derivatives of
polynomial growth order in x uniformly in €.

Then (n°)¢) (X)) I5(X ) has an asymptotic expansion :

(2.20) P(nF) (XN I5(XE) ~ g + Dy + - -
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in E_OO(R) as € | 0, where I is the indicator function for any Borel set B and
O, Dy, - are determined by the formal Taylor expansion with respect to X©) in

(2.15).

As a remark of this section, we have to mention an intuitive meaning of the
asymptotic expansion in the above theorem. If we truncate the random variable

under the condition of (2.18), then the asymptotic expansion in (2.20) implies
1
lim sup |E—kE[1/)(77§)¢(E) (XNI(XE)) — (Bg 4Py + - -+ 710y )] < +o0
el0

for any integer k > 1 if we use the expectation operation in the proper mathematical
sense. The calculations of the generalized expectation operations for the generalized

Wiener functionals will be discussed in Section 3.

3. The Validity in the Black-Scholes Economy. Let (Q, F, Q, {F:}icjo,1])
be the filtered probability space with T' < 400 . For € € (0,1] and 0 < ¢t < T', the

vector of d security prices follow a sequence of stochastic differential equations :

(3.21) Sée) =S50+ /t (S s)ds + /t ea (S, s)dws, ,

0 0
where M(Sge),s) = r(SS),s)SS) and a(SéE),s) = (0¥ (Sée), s)) are R?x [0, T] — R
and R? x [0,T] — R?*@ R™ Borel measurable functions in (Sée),s), respectively,
and ws(= (w')) are the vector of m x 1 Brownian motions with respect to F; . We
further assume that the drift and the volatility functions are continuous and C*°
for s € [0, T] with bounded derivatives of any order in the first argument. That is,

for the first argument there exist positive constants M (k) and Ma(k) (k > 1) such

that forany i =1,---,dand j =1,---, m,

ki qe)
(3.22) sup | (S, 9) | < My(k) ,
serdo<s<r 981 ... 95k ()
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k _ij/c(e)
(3.23) sup oS 8) | k) |
serdo<s<r 9S8 ... 95k (E)

where M(Sge),s) = (ui(Sge),s)), and we shall denote the partial derivatives as

ok

117,,,7ikui(5§€), s) and 8fl 4,@0” (Sée), s), respectively. We further assume that there

5,

exists a positve M3z such that

(3.24) sup [|p(0,8)|+ |0(0,s)]] < Ms
0<s<T

where the notations |A] = />, ;[a¥|? for any matrix A = (%) and |a| =
V2, |a?]? for any vector a = (a') are used. These conditions imply that there

exist some positive K; > 0 (i = 1,2) such that for all s,¢ € [0, 7],
(3:25) [pu(SS),8)| + [0 (S, 8)| < Ka(1+S])
(3:26)  |u(S1Ys) — (S5, 9)| + [a(S1Y) 8) — o (557 0)] < Kal S5 — 537

Then the standard argument in stochastic analysis shows the existence of the unique
strong solution which has continuous sample paths and is in L, (R%) for any 1 <
p < oo. In the remainder of this section, we will mainly discuss the validity of the
asymptotic expansion of qb(Xéf))Ig (Xéf)) for any Borel set B, where Xéf) is defined

by
1
(3.27) x5 = (55 - 57)
and S(TO ) is the solution of the ordinary differential equation

T
(3.28) S =5y + / (S s)ds .
0

For illustrations in this section, we only mention simple examples. When we take
d=m=1, ¢(x) = (z+y), and Ip(x) = {x > —y} for a constant y, it corresponds
to the valuation problem of the European optionsin mathematical finance. We shall
give another example on the Asian options, which was considered by Kunitomo and

Takahashi (1992).
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First we shall show that Séf ) is a smooth Wiener functional in the sense of
Malliavin. A more detailed proof when d = m = 1 has been discussed by Kunitomo

and Takahashi (1998), and Takahashi (1999).

THEOREM 3.1. Under the assumptions in (3.21)-(3.24), Séf) is in D*°(R?) and

has an asymptotic expansion :
(3.29) S$ ~ S tegir + 2gor + -

ase | 0 with g1, gor, - - - € D™ (RY).

Proof : [i] The first part of our proof is to show that Séf) is in D*(R"). But it
has been well-known that Séf ) e D°°(R%) when Séf ) follows a time-homogeneous
Markovian process. Since any time dependent Markovian process can be represented
as a time-homogeneous Markovian process, we can immediately apply the general
result to our case. (See Chapter V of Tkeda and Watanabe (1989), or Kusuoka and
Strook (1982).)

[i7] We shall prove the second part of Theorem 3.1. The coefficients appeared in the
asymptotic expansion of Séf ) are given by the formal Taylor formula. By expanding
Xéf) as Xéf) = gi1 + egor + €2g3T + - - - with respect to &, we can determine the
coefficients {g;r (j > 1)} recursively. The i—th component of the leading term

(1=1,2,---,d)is givenby

nr= / o' (S, s “)derZ/ (SO, s)dw! .
=1 7'=1
Then it can be written as
gg_zz / (VoY V)ioi (SO, s)duwd |
j=1j'=1

where Y; = Y;(O) is the solution of the ordinary differential equation dY# =

ZZ=1 8kui(5§0) ,t)Y*dt . This equation can be solved and its solution is written as
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Y, = exp(fg(ﬁjui(&go), s))ds) with the initial condition Yy = I .
For n > 2, we recursively define the :—th component of each term g(z) by

k
= X [ o L. |

k=1 0 117 Sle=1

c 5 RS S el

Sle=1j'=1
mi+-- +m;C n—1

where m; (j =1,---, k) are positive integers.

By the boundedness of Y, Y71, a(SéO), s)on [0, T, we have E[|g15|?] < 00, s € [0, T
for any 1 < p < 0o. Given g15 € L,(R?), we have E[|gas|?] < 0o for any 1 < p < oo.
By the same token, the relation gps € Ly, (Rd) can be obtainable recursively given
gjs € Lp(Rd) (j=1,2,---k—1) and we have gi1, gor, - € ﬁl<p<ooD11)(Rd).
Next, we note that

Dygl) = ZZ/ (YrY V)69 (SO §)hi ds .

Jj=1j'=1

For higher order derivatives we use an induction argument and we assume
gnT € ﬁl<p<ooD’;(Rd) (k > 1) for any n > 1. Then we need to show that
gnT € ﬁl<p<ooD’;+1(Rd). Actually we can show the Lp-boundedness of any
order H-derivatives of g, (n > 1) recursively. In our evaluations of higher order
H —derivatives, we need a version of Burkholder’s inequality for Hilbert space val-
ued stochastic integrals proved by Lemma 2.1 of Kusuoka and Strook (1982). Given
g1s € D®(R") for any s € [0, T] , we can recursively show that g, € D*(R%).

[i24] Finally, for any n (n > 1) and s € [0, T let
) _ Lo n—1
Zns :E_n[X9 —01s —€02s — " —¢€ gns] :

By using (3.21) repeatedly and applying the standard arguments, we can show that

Zi? €L, (R%) for any p > 1 uniformly with respect to ¢ . Again by applying the
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recursive arguments and using the induction with respect to n, we can show that
Z,(LES) and their H-derivatives are in L, uniformly with respect to ¢ after tedious

arguments, which were omitted. Q.E.D.

We now return to the original problem on the normalized random variable Xéf )
in (3.27). By using Theorem 3.1, we see Xéf) is in D*°(R?Y) and has a proper
asymptotic expansion

Xéf) ~giT +Egor + -+

in D°°(R?) with g17, gar, - - - € D®(R?). By using the Fubini-type result in our

setting for any h € H, the first order H—derivative DhSéf ) satisfies

m d T
D, S :ZZ/ e0,0" (S, 8) Dy SE* duw (s)
j=1k=1
d T . moor .
+>° /O O’ (S, ) DS ds +> / ed (S, s)hids .

k=1

Then it can be represented as

(3.30) DS = ZZ / (Y Y& Yyidegii' (S€) s)hd ds

Jj=1j'=1

where Y;(E) is the solution of the stochastic differential equation :

m
(3.31) dv, " = Za TESI SR A T Z Ao (89 )Y, M qwd
k=1 ji=1k=1

and YO(E) = I; . Then the Malliavin covariance of the normalized random variable

O'Mc(X(E)) = (aij (X(E))) is given by

ik
Uj\j/IC (e) Z/ (E)Y(e) 1 (S(e) )} [Y(E)Y(E) 1 (Sgg),s) ds |

We shall consider the uniform non-degeneracy of the Malliavin covariance, which
is the important step of the application of Theorem 2.1. For this purpose, we need

the following assumption.
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Assumption I : For any T > 0 the d x d matrix ¥4, = (3% ) is positive definite,
where Eg{ is given by
ij — [T 1 ik 1 0 gk
(332) ==Y / [YTY; U(Sgo),s)} [YTY; o(5©, )| ds .
k=170
This assumption assures the non-degeneracy of the limiting distribution of the

random variable, which can be easily checked in applications. We define ¢ as
T
(333)  mi=c / V17 (V) a(80), ) = V¥ o(S1), 5) s
0

for any ¢ > 0. Let £ = YO (¥7)'0(S{V, ) and &, = V¥, '0(SL”, 5) and
we note an inequality [¢(€\)" — & r&7 7] < 1€ — €orl? + 206 7l1€F — o]

where the notation A* is used for the transpose of any matrix A = (a;;). Then the

condition |n%| < 1 is equivalent to fOT |£§€% — & r|*ds < 1/c and we have

1 1
loao(X5)) = S| < = +2zg1|\f;

for |n¢] < 1. Thus we can take cg such that for any ¢ > ¢ > 0, 0 < X, +
(O'Mc(Xéf)) — %4 )= O'Mc(Xéf)) holds uniformly for € € (0, 1]. Hence we have the

next result on the uniform non-degeneracy of the Malliavin-covariance.

THEOREM 3.2.  Under the assumptions in (3.21)-(5.24) and Assumption I, the
Malliavin covariance UMc(Xéf)) is uniformly non-degenerate. That is, there exists

co >0 such that forc > cy and any p > 1,

(3.34) sup B |1 <1y {det(oarc(X{7))} 7] < oo
e€(0,1]
By using the results in Theorem 3.1, Theorem 3.2, and Lemma 7.2 in the Ap-
pendix, we have shown that the conditions of Theorem 2.1 are satisfied. Then we

immediately obtain the next result.
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THEOREM 3.3.  Under the assumptions in (3.21)-(5.24) and Assumption I, for
a smooth function ¢(=)(x) with all derivatives of polynomial growth orders,

P(ng) o) (Xéf))IB(Xéf)) has an asymptotic expansion :

(3.35) P(n) O (XS I5(XE)) ~ B + By + &2y + - -

in D" (R) ase | 0, where B is a Borel set, 1(z) is a smooth function such that
0 < YP(x) <1 forx e R plx) =1 for || < 1/2 and v = 0 for |z| > 1, and
Dy, @y, - - - are determined by the formal Taylor expansion with respect to Xéf) (~

giT +€gor + -+ -).

Then we obtain an asymptotic expansion of the expectation of (3.35), which is

the direct consequence of Theorem 2.1 and Theorem 3.3.

COROLLARY 3.1.  Under the assumptions in (3.21)-(5.24) and Assumption I,

an asymptotic expansion of E[¢(®) (Xéf))IB(Xéf))] is given by

(3.36) E[6©) (XS I5(X5)] ~ E[(n2)6® (X5 Is(X))]
~ E[®g] + E[®] + *E[®g] 4 - - -

ase | 0, where &) (-), ¥(-), ®; (j > 0), and B are defined as in Theorem 3.3.

Our next objective is to show that the resulting formulae of asymptotic ex-
pansions are equivalent to those from the method based on the simple inversion
technique for the characteristic function, which have been used by Kunitomo and
Takahashi (1995, 2001), and Takahashi (1999). It is possible to explicitly derive the
formulae of the asymptotic distribution function and the density function, and also
those of the expectations of the random variables involving Xéf ) in certain range.

We start with the explicit evaluation of each terms appeared in Theorem 3.5. We
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observe that the first term in Theorem 3.3 is given by
(3.37) o = ¢V (g17)Is(917) -

Then by applying the Taylor expansion, for any n > 1 we have

mi+---+mr=m-+2k

m1+..‘+m;,=m'+2k' d 1 1% ‘)
. k! .
(338) @, = > (> it o) [T,/
k,l,m,k",m’>0 l'l,m,l;c,:l Jj=1
k+l+m—+k 4+m/=n
d 1 k o)
k I (0 j
x( Y mazl,m,zkae¢( W) [T o) -
by, le=1 Jj=1

where m; > 2 and m;- >2.
When d = m = 1 in particular, we have relatively simple and useful forms. For

instance, the first two terms are given by

(0)
o= [8(§5 (g17) + 99 (QlT)QQ] Is(gi1) + 69 (g17)0Is(g17) g1 .

o)
[ Oe

19°© 026 ()
[5 gz ) Hl— 5

Py =

(g17) + 99 (ng)ng] OIs(917)g21

1
le—gr Yo21r + 000 (g17) 937 + 582¢(0)(91T)93T Is(g17)

1
+ ¢(0)(91T){§3216 (17)957 + OIs(g17) g3} -

In the above expressions the differentiations of the indicator function Ig(-) have
proper mathematical meanings as the generalized Wiener functionals. As we have
indicated at the end of Section 2, the rigorous mathematical foundation of differ-
entiation and the integration by parts formula have been given in Chapter V of
Tkeda and Watanabe (1989), and Yoshida (1992, 1997). The next result summa-
rizes the explicit expressions for the asymptotic expansion of expectations of the
above random variables based on the Gaussian density function up to the third

order terms.
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THEOREM 3.4. In the asymptotic expansion of (3.36) each terms E[®,] (n =

0,1,2) are given by

E (@] = / O (@)nlz]0, Sg,)dz

d
B3] = [ (0.6 @nlel0. %) = 6)@) 3 0k [Bloflon = alnfe0. 2, o

i=1

d
Blos - | (‘66"“0)(”” > 0u{Elaf s = #nlel0, ]} + 50260 @), 5.

d
5 0 6O (Bl 6 lor = alnle0, T}

ij=1

— Zqﬁ(o) )0AE[g” g1 = z]n[z|0, zgl]}> d .

where we denote g = gs% (i=1,---,din>1), 0.0 = 45(5) le=o(x), E[z|g1 = 7]

is the conditional expectation of z given g1 = x, and nlx|0,X] is the density func-
tion of the d—dimensional Gaussian distribution with zero mean and the variance-

covariance matrix .

Proof : Without loss of generality, we only give the proof for the case when d =
m = 1 . The essential part of the present proof is in the fact that we can use the
integration by parts operation repeatedly. First, the formula for E [®g] is the direct

result of calculation. Second, the expectation of the first term of @1 is given by

(e)
B [{8¢ e—olg1) + 96(g1)g2} I (9n)
(e)
:/{8(]855 le—o(x) + 09 () E[ga|g1 = 2]}n[z[0, Z,,]dx
B

As for the expectation of ¢(9)(g1)0I5(g1)ge, we notice that ¢(©)(g)g, € D>®(R).

Then by using the integration by parts formula for Wiener functional, we have

E |6 (91)015(91)92| = B[G(w)Is(g0)]



Contingent Claim Analysis 19
= E[E[G(w)|g1 = z]I5(¢1)]

_ / E[G(w)|g1 = aln[z]0, Ty, |de
B

_ /B 1 (@)da

for a smooth Wiener functional G(w). In order to obtain an explicit representation

of p1(z), we set By = (—o0, z] . Then we have
E |6 (g1)015, (91)9:| = / ¢\ (y)Elgalgr = y)01s, (y)nly|0, =y, 1dy

- ” 60)(4) Elgalgs = 516 (5)nlyl0, £y dy

= _¢(O) (-r)E[92|gl = x]n[xm’ 291] ’

where 0, (y) denotes the delta function of y at . By differentiating the above term
with respect to x, we have

pi(#) = 5 [~60 @) Blgalgs = 2nlel0, 3,

By adding two terms, we have the explicit formula for E [®;]. Third, we shall derive
an explicit representation for E [®5], which is more complicated. For this purpose,

we write it as

E[®;y] = / pa1(x)dr + / pa2(x)dx + / pas3(z)dz
B B B
where po; (i = 1,2, 3) corresponds to each line of ®5. The first term po;(z) can be
calculated directly as E [®1] by using the integration by parts formula and is given

by

(&)
pa(e) = 5 | (5 oo Blaalor =]+ 0619 (2)Blln = al}ale £,

For the second term, we only need the standard differentiation and it is given by

52 (e) 52 (e)
(o) = |5 emo(e) + (5 o} Blonln = o] + 06 o) Blgalon = ]
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12,0 2
+ 53 ¢ (7)E[g3|g1 = z] | n[z|0, g, ] .

In order to derive pas(x), first we need an expression of the second order generalized
derivatives of Wiener functional E [£6(%)(g1)0%I5(g1)g3] . By taking B = B
(—o0, z] and using the integration by parts formulas for Wiener functionals, we

have
B | 360002 s ()63 = [~ 01, () {56V IRl = sl 2,
— 5 [ 8500 BRI = sl S )y
8x{qu“’)( 2)Elg3lgr = z]n[z|0, Zy,]}
= [ GO Wl = slnll0.

For the term of E [¢(*)(g1)0I5(g1)g3] , we obtain

B [¢(°) (91)01z, 93} - /_’” a%{—qb(o)(y)E[gzlgl = yln[y|0, Xy, ]}y .

Hence, po3(z) is given by

pas(a) = 3 (500 @Bl lgr = alnfald, S, 15 {60 () Blgslor = alnlel0, 5]}

Finally, by collecting and rearranging each term of po;(x), pea(x), and pos(x), we

have the result. Q.E.D.

If we take a particular function ¢()(z), we can derive the corresponding formulae
in the asymptotic expansion. Here we give simple examples when d = m = 1 for
the illustration. When we take ¢*)(z) = 1 and B = (—o0, 2], then we have an

asymptotic expansion of the distribution function, which is given by

x x

P <ap ~ |

—00

—0
nly0, Egl]derE/ [8_yE[92|91 = y|n[yl0, X, ]| dy

—00

T [ o2
* 52/ [5 8—3;2{E[g§|91 = yIn[yl0, Sy, ]}



Contingent Claim Analysis 21
0
+ a—y{—E[gslgl =yn[yl0, Zg, ]} | dy + - .

Also for the the payoff function of European call options, we set ¢()(z) = x4y for

a constant y and B = [—y, 00). Then we have

Bl+9)] ~ [ "+ @) nll0. 5, ]d

-y

* [-9
+ 5/_y x [%E[Qﬂgl = z|n[z|0, 291]] dx

ve [ °° . [%{—E[ggml — alnlzl0, %]}

10
+ 552 (Bl = alnlel0, %]} do -

These results we have obtained are equivalent to the formulae for the Furopean call
options previously reported by Takahashi (1999). In fact the formulae in Theorem
3.4 are equivalent to those obtained by the characteristic functions and their the
Fourier inversions originally obtained by Fujikoshi et. al. (1982). They have been

extensively used in Kunitomo and Takahashi (1995, 2001), and Takahashi (1999).

As a more complicated application we consider the problem arised in the valu-
ation of the Asian options mainly because it illustrates a wide applicability of our
approach in mathematical finance. The explicit formulae have been derived in Sec-
tion 3.2 of Takahashi (1999). The terminal payoff for the Asian options is dependent

of

T
(3.39) Al = / F(SE))ds
0

where f(-) is a smooth function, which is in C*°(R? — R) and S%) satisfies (3.21)-
(3.24). In this case we take A(TO) = fOT £(5?)ds and we need to derive the asymp-
totic expansion of the random variable F}E) = (1/e) [Agf )_ A(T0 )] . By using a formal

Taylor expansion, an asymptotic expansion of the random variable F}E) can be
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written as
F{E ~ gir(A) + egor(A) + e2gar(A) + - -

where g,7(A4) (n > 1) are defined by g, (n > 1) in Theorem 3.1 as

117 Sl=1
mi+-- +mk n

and m; (j =1,---, k) are positive integers.

By using the smoothness condition of f(+), Séf) € D®(RY), and g1, g2s, g3s, - €
D>(R%), we see that F}E) has an asymptotic expansion, which is in D*°(R) as
e | 0with gxr(A) € D*(R) (k= 1,2, --). The Malliavin covariance of F}E), which

is denoted as UMC(F}E)), is given by

T T
(840)  ouc(FY) = / I / DF(SENY s}V O (S, u)|2du |
0 u

If we define nS(A) as before by

UACY
=c / / f(SENY P dsy, O~ 1o(SE) u / f(SNY.dsY, to (S, u)|du ,
then we have the corresponding results as for nZ(A) instead of nZ exactly in the same
way. As before, we need to make use of Lemma 7.2 in the Appendix. Consequently,
we can apply Theorem 2.1 to w(ni(A)W(F}E))IB(F}E)), and the same results as

in Theorem 3.8 and Corollary 3.1 can be obtainable for F}E) if we use the next

assumption instead of Assumption I.

Assumption I’ : For any T > 0,

(341) %, (A) / |{/ DF(SOYYods) Y. Lo (SO, w)2du > 0 |
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THEOREM 3.5.  Under the assumptions in (3.21)-(3.24), the smoothness of f(+)

in C™, and Assumption I’, Y(nS(A))p's) (F}E))IB (F}E)) has an asymptotic expansion
3.42 S(A) S (FENI5(FS)) ~ @g + @y + -
(3.42) Y(1e(A) 9" (Fp ) Is(Fp’) ~ ®g + 1 +

in D_‘X’(R) ase | 0, where ®gy, Py, - - - are determined by the formal Taylor expansion
with respect to F}E)(N gir(A)+egar (A)+---), and ¢ (), (), and I5(-) are defined

as in Theorem 3.3.

COROLLARY 3.2.  Under the assumptions in (3.21)-(3.24), the smoothness of
f() in C*, and Assumption I’, an asymptotic expansion of E[p(e) (F}E))IB(F}E))]

is given by
(3.43) E[6) (Fi)) (P ~ Bl (5 (2)) ¢ (FE) I (FE)]

ase | 0, where &) (-), ¥(-), ®; (j > 0), and B are defined as in Theorem 3.3.

As the remark of this section the general valuation problem of financial contin-
gent claims including the European options and the Asian Options in the Black-
Scholes economy can be simply defined as to find its “fair” value at financial mar-
kets. Let V(T') be the payoff of a contingent claim at the terminal period T. Then
the standard martingale theory in financial economics predicts that the fair price

of V(T) at time ¢ (0 < ¢t < T') should be given by

?

‘/t(T) — Et |:€_ ff,T T(Sf,@ﬂ))d?lv(T)

where E; [-] stands for the conditional expectation operator given the information
available at ¢ with respect to the equivalent martingale measure (. Then we can
expand the expected value with respect to the parameter € and use the formulae in

Theorem 3.4. Takahashi (1995, 1999) has already given many asymptotic expansion
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formulae for the examples we have mentioned in this section including the Asian
options and others when r is a positive constant. In this case, the conditions in

(3.22) on the drift terms are automatically satisfied.

4. The Validity in the Term Structure Model of Interest Rates. Let
(0, F,Q,{Ft}tepo,r)) be the filtered probability space with T' < +o00 and {wii=
1,--+,m} are independent Brownian motions with respect to the o—field F; . Let
also 'y = {(s,t) | 0 < s <t < T} be a compact set in R? . We shall consider a
class of random fields f(¢)(s,t) : T+ — R which are adapted with respect to the

o—field F, and satisfy the stochastic integral equation :

s =00+ [ lfj 7 (1O (o,t),0.0) [ (O (,9). v, y)dy | dv
i=1 v

0
(4.44) + 5/( Zai(f(e) (v,1), v, t)dw’ .
0 =1

We note that there are integrals with respect to the maturity parameter in the
drift term involving {o*(f) (v,9),v,y) (i = 1,---,m), (v,y) € T'r} . We can con-
struct such integrals recursively by considering the discretized versions with respect

to the maturity argument as

/Ui(f(e)(%wn'(y))vvvwn'(y))dy

v

k+1)T . E+1)T
for 0 < v < s <y <t<T, where ¢, (s) = (2%,)1f56 (;“TT,,(;T,)] (k =
0,---,2" —1;n' > 1) . Then we can make the solution f() (s, (t)) of (4.44) to
be adapted with respect to Fs (0 < s <t < T). Actually by using the standard

argument in stochastic analysis, we can further discretize the volatility functions

as Ui(f(e) (¢n(v),¢n' (y))v(bn(v)?wn’(y)) for 0 <wv< Y < T7 where (bn(v) = g_z: if
vE [g—z, (k—;#) (k=0,---,2" —1;n >n’ > 1) . Then by using a real polynomial

function p (z1, z2,- - -, xon), the first part of the solution of the discretized version
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can be written as

Fr (s, 7)) = pr ([l (w), (o) (w), - -+, [y ) 41] (w), )

for 0 < s < 7(n'), where 7(n’) = T/2" and ¢%(s) = ¢n(s)/7(n). Also by using real

polynomial functions py(-) (k = 2,---,2"), we have a recursive representation as

F O s,k (n) = pr([hn)(w), -+ [y )41 (), -, Pro1(), - pa()

fork=2,---.2"and0 < s < k7(n'). Hence the solution of the discretized version of
(4.44) can be represented as polynomial functions of [hq](w), [h2](w), - - -, [han](w).
Returning to (4.44), we make the following assumptions on the volatility func-

tions in this section.

Assumption IT : The volatility functions o?(f()(s,t),s,t) (i = 1,---,m) are
non-negative, measurable, bounded, and smooth in its first argument, and all deriva-
tives are bounded uniformly in €. The initial forward rates f(0,t) are also Lipschitz

continuous with respect to t.

Assumption III : For any 0 < s <t < T,

m

K . 2

(4.45) 3(s,t) = / Z [U(O)z(v,t)} dv > 0,
0 =1

where 0O (v,t) = o*(f) (v, 1), v,t)|e—0 -

The conditions we have made in Assumption II exclude the possibility of ex-
plosions for the solution of (4.44). Assumption III ensures the key condition of
non-degeneracy of the Malliavin-covariance in our problem, which is essential for
the validity of the asymptotic expansion approach for the forward rate processes.
Under Assumption II we can get the stochastic expansions of the forward rates and

spot interest rates processes. The starting point of our discussion is a simplified ver-
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sion of the result by Morton (1989) on the existence of the solution of the stochastic

integral equation (4.44) for forward rate processes.

THEOREM 4.1. [ Morton (1989)] : Under Assumption II, there exists a jointly
continuous process {f)(s,t),0 < s < t < T} satisfying (4.44) with € = 1. There

exists only one solution of (4.44) with e = 1.

In the rest of this section we often refer to the case of m = 1 whenever we can
avoid complicated notations and the proofs as if it is the general case without loss of
generality. For that purpose we use the convention w, = w} and o(f()(s,t),s,t) =
o' (f®)(s,t),s,t) when m = 1. We construct the completion of the polynomial
functions of py ([h1](w), [ha](w), - - -, [hen](w)) (k = 1,---,2""). With a fixed n’ we
will abuse the notation slightly and denote the resulting totality of polynomials and
the totality of smooth functionals as P(R) and S(R), respectively, in this section.
If we denote the resulting forward processes as f™ ) (s, 1,/ (t)), then for any p > 1
we have

(4.46) E[ sup |fO(s,t) = [ O (s, ()] = 0
0<s<t<T

as n’ — +oo by using the standard arguments in stochastic analysis. (See Chapters
IV and V of Ikeda and Watanabe (1989).) Hence in the rest of this section we
consider the sequence of { ) (s, (t))} as if they were {f)(s,1)} to avoid the
resulting tedious arguments. The k—th order H—derivative (k > 1) of the forward
rate process f () (s, (t)) € S(R) is denoted as DF f) (s, t) € S(H®* @ R) .
We summarize the first major result in this section on the sequence of forward
processes {f(¥)(s,t)} as the next theorem. The proof is the result of lengthy argu-

ments on the higher order H—derivatives of {f(¥)(s,t)} given in the Appendix.
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THEOREM 4.2. : Suppose Assumption II hold for the forward rate processes

following (4.44). Then for any ¢ € (0,1] and (s,t) € T'p, f&)(s,t) € D¥(R) .

Next we consider the asymptotic behavior of a functional

4

(4.47) F@)(s,t) = - & (s, 1) — f90,1)]

as € — 0. Then the H—derivative of F(¢)(s,t) can be represented as

(4.48) DuFE) (s,1) = / YO (5, ) YO (0, 1)) (v, )l
0

where the stochastic process {Y(E) (s,t),0 < s <t < T} is defined as the solution

of the stochastic integral equation

y(© (s,t) =1+ ¢? /S [80(}"(5) (v,t),v,1) /t O'(f(e) (v,y),v,y)dy] Y(E)(v,t)dv
0

v

(4.49) te / 00 (fE) (0, 1), v, )Y O (v, )
0
and

CO(v,t) = o (£ (v,1), 0, ) hy+ea (1 (v,1),v,t) /t 9o () (v,),v,9) Dn f (v, y)dy -

We notice that the coefficients of Y(¥)(s,¢) on the right hand side of (4.49) are
bounded under Assumption II. Hence for any 1 < p < 4+00,0 < £ < 1, we have
E[[Y©)(s,t)|P] +E[[Y©)~1(s,t)|?] < 400 . The proof of this result has been given in
Kunitomo and Takahashi (2001). By re-arranging terms in the integrands of (4.48),

we have the representation

S
(4.50) Dy F©®)(s,t) z/ l/éi’l)(u)hudu,
0
where
1
v (w)
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=Y (5, )Y O (u, t)o(fE) (u,t), u, t)
—I—E/ Y (5, ) Y O w, )a(f) (v, 1), v, 1) (/ o (f (v, y),v y)f(E U (u )dy> dv,

and {&(fg,l)(u)} are defined by {&glyl)(u)} of (7.72) in the Appendix by replacing
(1,1) with (£,1). Hence the Malliavin covariance of F()(s,t), oprc(F)(s,t)), is

obtained by
(4.51) < DF® DFE) >, = /|u‘“’ (u))?du .
Let
) (s, t)—c/ E (/ YO (5,)Y O~ (0, Do (£ (v, 1), v, 1)
/ 0011 (0,1), 0. )€ () ) P

c / YO (5,)Y O (wu, ) (F (u, ), u,t) — o (fO (u, t),u, t)|*du,

0
for a positive constant ¢ > 0. We notice that the condition in Assumption IIT is
equivalent to the non-degeneracy condition of (4.51) because Y (v,t) = 1 for
(v,t) € Tr . Again by using the similar arguments as Lemma 7.2 in Appendix, for

(s,t) € Tr and any k > 1,
kprin(e) Ly _
(4.52) hmg P{ns(s,t)| > 5} =0.

Then by a similar argument as Theorem 3.2 in Section 3, we shall obtain a truncated
version of the non-degeneracy condition of the Malliavin-covariance for the spot
interest rates and forward rates processes, which is the key step to show the validity

of the asymptotic expansion approach.

THEOREM 4.3. : Under Assumptions II and III, the Malliavin-covariance

o(F©)(s,t)) of F©)(s,t) is uniformly non-degenerate in the sense that there exists
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co > 0 such that for any ¢ > cg and any p > 1

(4.53) OiuglE[I(|n§€)| < D(ome(F9(s,8))7P] < 400,

where 1() is the indicator function.

Hence the validity of the asymptotic expansions of the distribution function or
the density function of instantaneous spot rate and forward rates can be obtained
under Assumption II and Assumption III because we have proved that a set of
conditions in Theorem 2.1 are satisfied.

We now return to the general case when m > 1 . By expanding the Wiener

functional F(E)(s, t), we can write
FE (s,8) ~ Ay(s,1) +eAs(s,8) + -+ .

The coefficients in the asymptotic expansion can be obtained by applying a formal

Taylor expansion and A, (s,t) (n > 1) are given by

(4.54) Aq(s,t) = Em:/g o (FO0,t), v, t)dw’ |
i=170

and for n > 2
Jite+je=k+l
Jite i =K'+ k

m s
1 -/
(455, (s,1) = / > M”a’w (fOw,t),0,8) T Aj.. (v,1)
=170 Kok L1 >0 R i*=1
k+k'+I1+1U4+2=n

+ k
x/ a’“'a"'(f‘o)(v,y),v,y)HAji(v,y)dy] dv

1=1
itk
N I k )
+> / > 50 O 0,00) [T A (0,0)| dui
=170 | g0 1
k+l+1=n

Some of these formulas have been previously obtained by Kunitomo and Takahashi
(1995, 2001). By applying similar arguments, which are actually quite tedious, we

can show that the L,-boundedness of any order H-derivatives of A, (s,t) for any
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0 <s<t<T and integers n > 1. Then we conclude that A,(s,t) € D*°(R) for

any n > 1 and summarize the result as the next theorem.

THEOREM 4.4. Under Assumption II, F®)(s,t) is in D*(R) and has an

asymptotic expansion :
(4.56) FO(s,t) ~ Ay(s,t) +edy(s,t) +---

ase | 0 and Ay(s,t), Aa(s,t),-- € D (R).

We notice that the Malliavin-covariance is non-degenerate because (s, t) is non-
degenerate, which is in turn the variance of A;(s,t). Then we have the Gaussian
random variable as the leading term in (4.56) and we can use the same method as
in Section 3 to derive the asymptotic expansion of the expected values of random
variables. By applying the corresponding one as Theorem 2.1 for D*°(R), it has
a proper asymptotic expansion as € — 0 in b_oo(R). Hence we obtain the next

result.

THEOREM 4.5. Under Assumptions II and III in this section, an asymptotic
expansion of E[¢p) (FE)I5(FE)] is given by
(4.57) E[¢© (FO)Is(F)] ~ E[(ng) s (FO)Is(F))]

ase | 0, where ®; (j > 0) are obtained by a formal Taylor expansion of the left-hand
side in the expectation operator with respect to F)(s,t), and ¥(n%), ¢)(-), and

I5(+) are defined as in Theorem 3.3.

Also it is straightforward to obtain the similar non-degeneracy conditions of

the Malliavin covariance for the discounted coupon bond price process and the
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average interest rate process. We note that the discount bond price process is given
by (1.5). Then using (4.44) and the Ité’s lemma, we can consider the stochastic
process G&) (¢, T,p) = [PE)(t,T)]P for any integer p > 1, which is the solution of

the stochastic integral equation :

GO (t,T,p) = G9(0,T,p)

+/Ot
+§:/Ot(—p€)

Hence by using the fact that E[|7“(E)(t)|p] <tooforanyp>1land0<s<t<T

T
G (v, T, p)dv
t

2 m )
) + I 22 S ([ o (O w0 )
i=1

T
/ o (FO) (v, ), v, y)dy| GO (v, T, p)di,
t

under Assumption II, we have E [|P()(s,t)|P] < +0c . Then we can investigate the
properties of the H—derivatives on the set of discount bond price processes as for
the forward rate and spot rate processes we have discussed. Because the essential

arguments are the same, we only report the result.

THEOREM 4.6. Under Assumption II for the forward rate processes, for any

€ (0,1 and0 <t < T, PO (t,T) is in D*(R) and has an asymptotic expansion :
(4.58) PO, T) ~ P(t,T) +eBi(t,T) + 2By (t,T) + - - -

as € | 0 and By(t,T),By(t,T),--- € D>(R), where P(t,T)(= PO(t,T)),
B;(t,T) (j > 1) are obtained by a formal Taylor expansion of P (t,T) through

(1.5), (4-47) and (4.56).

More generally, the valuation problem of many interest rates based contingent
claims in the complete market can be simply defined as to find the “fair” value of a

function of a series of bond prices at financial markets. Then the fair price of V(T
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at time ¢ (0 <t < T) should be given by
Vi(T) = Eq [ T @my(n)]

where V(T) be the payoff of a contingent claim at the terminal period T and E; [ - |
stands for the conditional expectation operator given the information available at
t with respect to the equivalent martingale measure (. Because we can derive an
asymptotic expansion of the spot interest rate r(¢) (8), it is straightforward to obtain
the fair value of interest rates based contingent claims.

For instance, most interest rate based contingent claims can be regarded as
functionals of bond prices with different maturities. Let {¢;,5 = 1,---,k} be a
sequence of non-negative coupon payments and {T},j =1,---,k} be a sequence of

payment periods satisfying the condition 0 <t <7y <--- < T}y <T < +00. Then

the price of the coupon bond with coupon payments {c;,j =1,---,k} at ¢ is given
by
(e) :
€
(459) Pk,{Tj},{Cj}(t) = z:l ch(E) (t7 Tj)a
]:

where {P)(t,T}),j = 1,---, k} are the prices of zero-coupon bonds with different
maturities. The normalized random variable for the call options on the discounted

coupon bond at the initial period ¢t = 0 is given by

k
ROry oy (D) = é{e— Jor@aspE) )~ K] = [Zl ¢;P(0,T;) — KP(0,1)]},
=
where 0 <t < T <---<T, and K is a fixed real constant. This random variable
has an intuitive interpretation in financial applications. Its meaning and the related
additional assumptions for practical applications have been discussed in Section 3
of Kunitomo and Takahashi (2001). By using (1.5) and (4.59), the first order H-

derivative of Rfi){TjL {Cj}(t) can be represented as

Dh[R(E)

k?{Tj}v{cj}

t
— [t (s)ds € €
(0] = = HrOORp 0 = K] [ DuFO (s s)ds
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k T;
—e” I r( )(S)ds[z ch(e)(t,Tj)/T Dh[F(E)(tau)]du} )

Jj=1

where F(¢)(t,u) is defined by (4.47).

From this expression we can obtain a simplified representation of the first order
H-derivative in this case as before. Hence we can obtain the asymptotic expansion
of the expected payoff value of coupon bond if we use the condition ensuring the
non-degeneracy of the Malliavin covariance. The proof of the next theorem is similar

to those in the previous results.

Assumption IV : Forany 0 <t < T} < -+ < Ty,
t
(4.60) 5, (k) = /O o ()o (V)dv > 0,

. k 0 k 0
where 073, (v) = =[S, ¢;P(0,T3) — KP(0,1)]o(” (v) — SI_, ¢ P(0, Ty) oy, (v)
and Ugo) (v) and Ug?%j (v) are 1 x m vectors such that 01(50) (v) = [qu Uio) (v,y)dy| ,
and Ug?%j (v) = [ij Q) (uu)du} .

t 7

THEOREM 4.7. Under Assumptions II and IV, an asymptotic expansion of
B0 (R 1,y (o)) OB 1, g,y ()] 35 given by
E[p°) (R, (1)1 (Ry, ()]
k?{Tj}v{cj} B k?{Tj}v{cj}
(4.61) ~ERM)S (R oy OV 8RB 1y (0 (D)]
~ E[®}] + cE[®]] + - - -

as e | 0, where @7 (j > 0) are obtained by a formal Taylor expansion of the left-
hand side in the expectation operator, and ¥(nZ), ¢ (-) and Iz(-) are defined as in

Theorem 3.5.

We briefly mention two examples of interest rates based contingent claims. The

payoff function of the call bond options with coupon payments {c;,j = 1,---,k}
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+
at {Tj,j = 1,---,k} can be written as V(T = [P,S{)TjL{Cj}(T) — K| , where
K is a fixed strike price. In this case we can take ¢(¥)(z) = z + y for a con-
stant y and B = [—y, 00). As another example we should mention the payoff func-

tion of the call options on average interest rates, which is given by V®)/(T) =
[% fOT L™ (t)dt — K ! , where the yield of a zero coupon bond at ¢ with time to ma-
turity of 7 (0 <t < t+ 7 < T) years is given by L7(t) = [1/PE(t,t+7) —1] /7.
Then we can apply the asymptotic expansion method with some additional assump-
tions. For these two examples and others, Kunitomo and Takahashi (1995, 2001)

have already derived more explicit formulae of the asymptotic expansions in details.

As the final remark of this section, we should mention that we can use the
equivalence between the formulae by the expected values of the generalized Wiener
functionals and those derived by using the simple inversion technique for the char-

acteristic functions of random variables as we have discussed in Section 3.

5. Numerical Examples. In this section, we will present numerical examples
in order to illustrate the usefulness of approximations obtained by the asymptotic
expansion method we have discussed. There have been many examples and some
of them have been already reported by Kunitomo and Takahashi (1995, 2001),
and Takahashi (1999). As an example of the Black-Scholes economy, we give some
numerical results on the average call options for the square-root process * and the

log-normal process for the underlying asset prices. Under the equivalent martingale

4In this example the volatility function is not smooth at the origin and we need to use a
smoothed version of the square root process at the origin for the mathmatical point of view. It is
possible to show that the smoothing and the truncation by a large threshold value do not make

significant differences and the effects are negligible in the small disturbance asymptotic theory.
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measure, we assume that the processes of the one-dimensional underlying asset are

given by
(5.62) dSY) = (r — )Y dt + e10(SM V)3 du,
(5.63) dS*2) = (r — q)8%(Ddt 4 €257 dw,

where €1, €9, 0 are parameters, and r and g denote the risk-free interest rate
and a dividend yield (we assume both are positive constants), respectively, and w;
denotes the one dimensional Brownian motion. The theoretical value of the average

(or Asian) call options at time 0 should be given by
I
(5.64) Eo[exp(—rT) max{f/ Sileddy — K,0}] (i=1,2),
0

where K is the strike price. The terminal payoff in this example is a special case of
(3.39) and then we can apply Corollary 3.2 to this case.

Table 1 shows the numerical values of the average call options for the square-root
processes of the underlying asset which represents an equity index with no dividend.
We take the spot price Sg = 40.00, the risk-free rate r = 5%, the parameter
o = 10.00 and the 6 month maturity date. The parameters ¢; and e, were set so
that the instantaneous volatility is equivalent to the corresponding volatility of the
30% log-normal process (i.e. ¢ = 0.189737 and ez = 0.3). Table 2 and Table 3
are the numerical values of the average call options on the foreign exchange rate
example when the underlying assets follow square-root processes and the log-normal
process, respectively. In this example we take the spot price Sy = 100.00 and regard
r as the risk-free interest rate in Japan and q as the risk-free interest rate in the U.S.,
and we set 3% and 5%, respectively. In Tables 2 and 3 the spot price, the 6 month
maturity date, and the parameters e€; and e were set so that the instantaneous

variance at time 0 are equivalent to 10% volatility of the log-normal process (i.e.
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€1 = 0.158114 and e = 0.1).

For the comparative purpose, the values by the Monte Carlo simulations are also
given, which are based on 500,000 trials implemented in each case. We also report
the value based on the PDE numerical method developed by He and Takahashi
(2000) for Table 3. The approximations given by the asymptotic expansion are
those from the approximations upto the 2nd order for Tables 1-3 where they are
based on the total approximations consisting of the basic deterministic terms, the
1st order terms based on the Gaussian distribution, and the additional 2nd order
terms based on the non-Gaussian adjustments °. In Tables 1-3 it is apparent that
we have enough accuracy of approximations for financial approximation by the
asymptotic expansion approach. More details of this example and other examples

in the Black-Scholes economy have been discussed by Takahashi (1999).

As an example of the non-Markovian term structure model of interest rates, we
give an example of swaptions in the HJM term structure model. For the simplicity
of exposition, we assume that the instantaneous forward rate processes {f( (s, t)}

have one factor volatility function  as o(f(¢)(s,t),s,t) = [f(9(s,t)]? , where 0 <

5Since the final formulae in our approximations are analytical which are simple functions of
the Gaussian distribution functions and some low order Hermitian polynomials, the computation
running times are negligible by any computational standards. Also at the suggestion of a referee
we have added the deterministic values in the last column by setting 3 = e2 = 0.0 (¢ = 0.0 for
the interest rate based contingent claims), which could be regarded as the zero-th order approxi-

mations.

6We have used the truncated version of this forward process when 0 < 3 < 1 because the
original process could have explosive solutions theoretically. For the Gaussian forward case other
numerical valuation methods have been known, but we report the results for the comparative

purpose. See Kunitomo and Takahashi (2001) for the details.
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B<1and m =1 in (4.44).
Table 4 and Table 5 show the numerical values of the call options of a swap contract
(the swaption) for the case when 5 = 0 and e = .01 (100bp) and the case when 5 =1
and € = .2 (20%), respectively. In both cases we consider the situation that the term
of the underlying interest swap is 5 years, the time to expiring is also 5 years, and
we set 7 = 1 (year), T = 5,74 = 6,---,T5 = 10, and k = 5. The present term
structure at ¢ = 0 is assumed to be flat of 5% per year and we took ¢; = ST (j =
1,--+,4),c5 = 1+ St, § = [P(0,T) — P(0,T5)]/7>_, P(0,T;) = 0.05171 , and
K = 1.00. In this example the theoretical value of swaption at time 0 should be
given by
k

(5.65) Eo [e /0 "7 Od max{ N ¢, PE(T, T;) — K0}

j=1
Then we can apply Theorem 4.7 to this case and we have used the approximations
based on the asymptotic expansions and examine their accuracy by Monte Caro
results for all cases. We have given the numerical results for the out-of-the money
case (S = 5.171% x .8,5.171% x .6), at-the-money case (S = 5.171%), and in-the-
money case (S = 5.171% x 1.2,5.171% x 1.4). From Table 4 and Table 5 we find
that the differences in the option values by the asymptotic expansion approach for
the Gaussian forward rates case are very small, and the differences of the option
values between the approximations and the Monte Carlo results for the geometric
Brownian forward rates case become slightly larger due to the non-Gaussianity of
the underlying forward rates and the spot rates. Nonetheless we still have enough
acuracy of our approximations for financial applications since the differences be-
tween the approximations and the corresponding Monte Carlo results are about
within 3 bp in most cases. Kunitomo and Takahashi (2001) have discussed more

examples in the HJM term structure of interest rates model.
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6. Concluding Remarks. This paper gives the mathematical validity of the
asymptotic expansion approach for the valuation problem of financial contingent
claims when the underlying forward rates follow a general class of continuous Ité
processes in the HJM term structure of interest rates model and the underlying asset
prices follow a general class of diffusion processes in the Black Scholes economy. Our
method called the small disturbance asymptotic theory can be applicable to a wide
range of valuation problems of financial contingent claims and some of them have
been discussed by Kunitomo and Takahashi (1995, 2001), and Takahashi (1999).

Since the asymptotic expansion approach can be justified rigorously by the
Watanabe-Yoshida theory on the Malliavin calculus in stochastic analysis, it is not
an ad-hoc method to give numerical approximations. In Section 5 of this paper and
our previous papers (Kunitomo and Takahashi (1995, 2001), and Takahashi (1999)),
we have illustrated that the approximations we have obtained via the asymptotic

expansion method can be satisfactory in many cases for practical purposes as well.

7. Appendix In this Appendix we give some mathematical details omitted in
Section 3 and Section 4. First we present two inequalities which are useful to show
that the truncation by the random variable nZ of (3.33) in Section 3 is negligible in
probability under the assumptions of (3.21)-(3.24) when we derive the asymptotic

expansion of random variables 7.

LEMMA 7.1.  There exist positive constants a; (i = 1,2) independent of € such

that

(766)  P(sup (181 = SO|+ [V Vil] > a0) < a1 exp(~aze~?)
0<s<T

"The present proof, which is simpler than our original one, is due to the referee. Actually we

only need the conditions given by (3.22)-(3.24) with k = 1 for Lemma 7.1.
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for all ag > 0, where Sée) and Y;(E) are defined by (3.21) and (3.31), respectively.

Proof : Let Zée) = (Sée)l, . --,Sée)d,Y;(E)n, . -,Y;(E)dd)' be a dy x 1 state vector
with d; = d(d + 1). By using (3.21) for Sée) and (3.31) for Y;(E), Zt(e)(: (Zée)i))

follows the stochastic differential equation in the form of

Zéf)izz(i)—l-/ b2, 5) dSJrEZ/ (25, s)dw]
0

where b( ©), s) = (b( ), s)) and w(Zs @, s) = (wij(zéf), s)) are R% x[0,T] — R™
and R x [0, 7] — R @ R™ Borel measurable functions which are smooth with
respect to Zéf). By using the Lipschitz continuity, there exists a positive constant

K3 such that

t S
12— 2" < Ky / 128 = 2Ods + sup | [ ew(Z, u)dw,| -
0 0<s<t JO

Furthermore by using the Gronwall inequality,

sup |28 — 79| < sup |/ (289 u)dw,|ee®=T .
0<s<T 0<s<T
If we can assume that for dy x 1 vector  there exists A (> 0) such that
sup < G,w(Zt(E),t)w*(Zt(e),t)H >< A< o0,
|6]=1,0<t<T

we can apply the standard large deviation result given by Theorem 4.2.1 of Stroock

and Varadhan (1979). Hence for any ag > 0 we have

T
P({ sup |2 — 2{”| > ao}) < P({ sup | | W(ZE  t)dwy| > —oms

0<t<T 0<t<T KJT H

6_2K3T
< 2d1 eXp{ mé‘_ } .

When A is not bounded, let a stopping time be 7 = infOStST{\Zée) - Zt(o)| > ap}

for any ag > 0. Then

T
P{ sup 129 = ZV) > a) < PUr < T, sup | | w(Z,t)dw > -

e —7)
0<t<T o<t<r Jo 8
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a2e—2KsT

< 2d 207 2
< 2da exp( 2Ad, T - )
where
sup <0,w(Z D (2, 0> < A< .
161=1,12{7 ~2{”|<ao
Q.E.D.

LEMMA 7.2.  Let the random variable 1S be defined by (3.33). Then for any
¢ > 0mnt is OQ) in D*®(R) and for cg > 0 there exist some positive constants

¢i (i =2,3,4), such that

(7.67) P{|nf] > co}) < coexp(—cze™).

Proof : We notice that
T
Inel = c / YOV O 1a(5O), 5) - Ye¥ (SO, 5)[2ds
s s, YAV O 10 (SE), 5) — Yoy lo (SO, 5)2 .

The set {[nZ| > co} is included in {supy< <7 |YT(E)YS(E)_1U(S§E) , s)—YTY_la(Séo), s)|

S

> (CQTL)%} . By setting a constant ¢; = 1/c¢o/(9¢T), we have
{Imcl > co} C {oilslng V7Y, |0 (S, 5) = o (S, )| > e1}
A sup [V lo(S9, 915 = Yr| > 1)
U{02§£T|YT||0(5§E)a5)||Ys(e)_1 Y >al.

Then by using Lemma 7.1 because of the boundedness of |Y7Y,~!| and the smooth-

ness of U(Sée),s), we have the result. Q.E.D.

Next we shall give the proof of Theorem 4.2 in Section 4 by using three Lemmas

and some additional derivations.

Proof of Theorem 4.2 : Without loss of generality we only give the proof when
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m = 1. First we consider the first order derivatives {Df()(s,t)}. For any h € H,
we successively define a sequence of random variables {£(!)(s,t); (s,t) € T'p,1 > 1}

by the integral equation:

s t
(s = | [ao(f“)w,o,v,t) / o(f‘”(v,y),v,y)dyé‘”(v,t)] o
0

v

s t
-/ [o(f“)(v,t),v,t) / ao(f“)(v,y>,v,y>§”><v,y>dy] v
0 v
-/ T 00 (£ D (0,8), 0, €O (v, o
0
(7.68) + / ) o(fP (v, 1), v, t)hydv
0

where the initial condition is given by £(©(s,t) = 0. Then we have the next result
by using the standard method in stochastic analysis. The proof has been given in

Kunitomo and Takahashi (1995).

LEMMA 7.3. : Foranyp>1and0<s <t <T,E[|(V(s,t)|P] < oo (I > 1),

and there exists a positive constant My such that

(7.69)  E[sup [ (u,t) =V (u, )] <

0<u< —(1+1)! (Mt +1)s]™

Asl — o0

(7.70) sup E[ sup |£(l+1)(u, t) — §(l)(u, t)|2] —0.
0<s<t<T  0<u<s

By using Lemma 7.3 and the Chebyshev’s inequality, we have

1 — 1
ZP{ sup € (u,5) — €D (u, 5)| > = Z —[AM (T + 1)T) < 400 .
0<u<s<t 2 = I

Then by the Borel-Cantelli lemma, the sequence of random variables {¢®)(s,t)}
converges uniformly on (s,t) € I'r . Hence we have established the existence of the

H —derivative of f(1)(s,t), which is given by the solution of the stochastic integral
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equation :

D (st = [ ) [aa(ﬂ”(v,t),v,t) / to<f<1>(v,y>,v,y>dthf<1>(v,t>] v
0 v
s t
-/ [a(f“)(v,t),v,t) / ao(f“)(v,y),v,ywhf“)(v,y)dy] o
0 v
+ [ 90D (v, 1), v, £) D F D (v, t)duw,
0

(7.71) + /S a(fV (v, ), v, t)hydv .
0

We note that for the spot rate process {r(%)(¢)} the H-derivative can be well-defined

by
Dyr®(t) = 1in% Dy, f) (s,1).
S—

We consider the random variables {§(1 1)( )} for (s,t) € Tr(s,t) and 0 <u < s <

t < T satisfying the stochastic integral equation when e =1 :

0w =2 [ 00 0006 ) [ (1) (v, 9), v, )y
+52/u o(f (v, t),v,t) / 9o (£ (v,y), v, y)&5Y (u)dydv
+5/ Do (£ (v,1),v, )Y (u)dw,

(7.72) + o (fO (u,t), u,t).

Then we can show that

/ €8 (w)hudu = Dy f D (s,1).

In order to examine the existence of moments of {{; v 1)( )} and other related ran-
dom variables, we need the following inequality whose proof has been given in

Kunitomo and Takahashi (2001).
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LEMMA 7.4. : Suppose for kg > 0,k1 > 0,Any >0 and0 < s <t < T, a

function wy (u, s,t) satisfies (i) 0 < wn(u,s,t) < Ay and (ii)

s s t
(7.73) wn(u,s,t) < ko+ k1 [/ wN(u,v,t)dv—l—/ / wn (u, v, y)dydv

Then

(7.74) wy (u, 5,t) < kgeFrd+Ds

As an illustration of our method based on Lemma 7.4, we consider the truncated

random variable :

(7.75) ¢N(w) = el )] In(s,1)

where Iy (s,t) = 1 if supgc, <5 y<y<ilévy(w)| < N and In(s,t) = 0 otherwise. By
using the boundedness conditions in Assumption IT and hs being square-integrable,

we can show that there exist positive constants M; (i = 5, - -, 8) such that
S S
176) GNP < M5 [ i+ 0] [ ¢l
u u
s t
#34 [ 168, wlPdydo + Melo (4D, 0, )P
u v

By using the martingale inequality, the expectation of the second term is less
than MGE[[” [¢),(u)[Pdv] . Also the last term in (7.76) is bounded because of(-)
is bounded. If we set wn(u, s,t) = E[|(s+(u)[?], then we can directly apply Lemma
7.4. By taking the limit of the expectation function wy(u,s,t) as N — oo, we
have E[|§§}t’1)(u)|p] < 400 . By using similar arguments, we have the existence of

moments as summarized in the next lemma.

LEMMA 7.5. : Under Assumption II, for anyp > 1 and 0 <u <s<t<T , we

1,1
have E[Supoguﬁs |€.§,t )(u)lp] < 400 and E[SUPogugs |f(1)(u7 t)|p] <0oo.
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By using Lemma 7.5 and the equivalence of two norms stated in Section 2.1, we

now have established the following property of the first order H—derivative :
f(l) (S,t) (S ml<p<+ooD11)(R) .

Since we have completed the investigation of the first order H— derivative,
our next task is to investigate some properties of the higher order H—derivatives
of fM(s,t). We shall use the induction argument and assume that f(M(s,t) €

Ni<p<tooDi(R) (k > 1). Then we have
Du[D* M) (s, 1)]

= [ |ots 0.0 | (O (0,9), 0, )y D (DA 0,0 o
# [ [t 000 [ 0000 DD O 0|
+ /O 90 (FD (0,1), v,8) D D FD (0, )] du(v)
+ /O |G @ (5D (0,8),0,8), DD (0,6), Daf O (0,0), 0,651 = 0, -+, k)

/ OO (1D (0,),0,9), DO (0,9), D f O 0,9, 0,550 = 0, k)dy] d
+ [G"“’ @ o (fD (v, 1),v,), D'FD (0, 8), DpfO (v, 1), 0,451 = 0, - k)} duwy
[ng> @ (FV (v,), 0, 1), D'FD (v,8), DufO (0, 1), 0,81 = 0, - k;)} dv

+ |:G(k) 8l f(l) U t) v t) lf(l) (th)7 th(l) (U,t),’l),t; I= Oa Tty k)i| hvdv ’

_|_
hhc\

where H fk)( -) and Gg-k)( ) (j =1,---,4) are defined recursively and they are actually
a sequence of polynomial functions. Although the above stochastic integral equation
has many terms, the basic structure is the same as the first order H—derivative of
fM(s,t). Now we define the random variables {§(1 k)( J(E>1D}for0<u<s<

t <T by
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1,k+1
D ()

= [ [oots wtren [ ot ot )] a
+/[ (fY (v, 1), 0,1) / 9o (fI (v,), v, y) &L (w)dy ] dv
/ 9o (1O (v, 1), v, DE (w)dw,
+/O |G @ (£ D (0,8),0,8), DD (0,8), €05 (), v, 151 = 0, k)
/ CHB @0 (7D 0, ), 0,), D FO (0,5, €80 (), 0,530 = 0, k)dy] dv
+ [G"“’ (@ (FV (v,8), v, 8), DD (v,), €850 (u ),v,t,lzo,---,k)} duwy
+ [G"“’ (@ (D (0,8), 0,8), DD (0,0), 605" (), v, 1:0 = 0, k)| dv

+

c\o\c\

[G"“’ @ (fD (0,8),0,8), D' fD (v,8), &40 (u ),v,t,lzo,---,k)} dv .
Then we can show that
/ 65D (w)hydu = Dy [DF O (s, 1))
From the above representation, we have
(z.77) D050y = [ 1650 o

By applying Lemma 7.4, repeating the procedure as Lemma 7.5, and using induction

with respect to k, we have for any integers k£ > 1 and p > 1,

(7.78) B[ ()2 )] < +00 .

Then by the same constructions and induction arguments, for positive integers
k (> 1) we can define a sequence of random variables : {f()(s, )}, {ﬁ(e k)( )} and

{D* (&) (s,t)}. Hence we have completed the proof of Theorem 4.2. Q.E.D.
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TABLES

In Tables 1-5 we have calculated the differences between the Monte Calro value and
the 2nd order approximations based on the asymptotic expansions. The values in
Table 4 and Table 5 are calculated in term of the basis points except the percentage
points(%). Difference (bp) and Diff. rate (%) are calculated by the deviations from
the Monte Carlo results in (1). The values in the last columns were calculated by

setting €; = ea = 0.0 (or ¢ = 0.0), which could be regarded as the zero-th order

approximations.
TABLE 1
Average Call Options on Equity-Square root process
Strike price 45 40 35
(I)Monte Carlo 0.5221 | 2.1758 | 5.6468

(2)Stochastic Expansion | 0.5228 | 2.17838 | 5.6516

Difference 0.00078 | 0.00301 | 0.00482

Diff. Rate % 0.15 0.14 0.09

Value when ¢; = 0.0 0.0 0.4917 5.3683
TABLE 2

Average Call Options on FX-Square root process

Strike price 105 100 95

(I)Monte Carlo 0.1721 | 1.3625 | 4.6858

(2)Stochastic Expansion | 0.1730 | 1.3654 | 4.6931

Difference 0.00090 | 0.00286 | 0.00730

Diff. Rate % 0.52 0.21 0.16

Value when ¢; = 0.0 0.0 0.0 4.4346
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TABLE 3

Average Options on FX -Log-normal process

Strike price 105 100 95
(1) Monte Carlo simulation method 0.1840 | 1.3682 | 4.6793
(2)Stochastic Expansion 0.1830 | 1.3660 | 4.6800

Diff. Rate % -0.54 -0.16 0.01

(3)Finite difference (Crank-Nicholson method) | 0.1831 | 1.3656 | 4.6788

Diff. Rate % -0.49 -0.19 -0.01

Value when e5 = 0.0 0.0 0.0 4.4346

TABLE 4

Swaption (Gaussian Case)

Fixed rate % 718 | 6.16 | 5.13 4.10 | 3.08

(1) Monte Carlo 774.6 | 518.2 | 315.0 | 170.9 | 81.3

(2) Stochastic Expansion | 774.8 | 518.5 | 315.1 | 171.15 | 81.2

Difference (bp) 0.28 0.36 0.16 0.36 0.03

Diff. rate % 0.04 0.07 0.05 0.21 0.04

Value when € = 0.0 689.1 | 344.5 0.0 0.0 0.0
TABLE 5

Swaption (Log-Normal Case)

Fixed rate % 7.18 | 6.16 | 5.13 | 4.10 | 3.08

(1) Monte Carlo 814.1 | 542.6 | 312.3 | 140.2 | 39.6

(2) Stochastic Expansion | 819.1 | 546.5 | 315.1 | 143.3 | 42.3

Difference (bp) 5.0 3.9 2.8 3.1 2.7

Diff. rate % 0.6 0.7 0.9 2.2 6.8

Value when ¢ = 0.0 689.1 | 344.5 0.0 0.0 0.0




