Joooooooooooooogoogn
gooogr

gogd
gbooobooobooobob

gogd
googobooan

20030 60 100

oo

0000000000 0oo0ooooo0oooooooooooo
0000o0ooo0oo0oooo0ooooooooooooooo
0000000000 0o00oooo0oooooo0ooooo
0000000o0o0o0oooooooooooooooooooo
O0000000000000000000 CEV(Constant Elasticity
of Variance) 0000000000000

0000000000000 00000000DO00UO0000ODOUO FEOODOOO
ooboooboooooooooboooooooooooboobobobooooooDoDOoboOoo
gobooooooooboobooOoobo0oooooooooobbbOooooooDoDDODbOO
oobooooboo



1 0000

godoooooooobboooooobboooobooooog
godoobooobooobooboouobobobobooobbooobog
goooobbbbooogooobboooooobbbooooa
bbb oooobboooobbooobooubon
gdoobooobooooobbooobbbooobooooobooooon
gooboooddgobobbooggoboobboooogoobog
goodoobbbobooggooobobooooobbbboooog
goooobbobooooobobboooobobboboogooboga
0000000000000 (Karatzas and Shreve[1998]0 Carr, Jarrow
and Myneni[1992]0 J. Huang, Subrahmanyam and Yu[1996] O O O 0)
gddbbooobboobboobbooobboobboobobobo
goooon

000o00ooboooboo s;o10o0o0goog

dSy = (r — 6)Sudt + o(S;)dWr, So = z(> 0)

00o000OOdr-00Db000é00D0D0O0DO0ODO0 KOO TOOOO
goboopooooooobobonboo

sup Ele™"(K — ST)JF] —
0<r<T

T
E|e (K - Sr)*| +rKE Uo e_ml{S“SB“}du]

T
—0E |:/ e_T“Sul{Su<Bu}du]
0 =

ooo0 ppobooobooobooobboogLtLrogbooboooooog
00000000000 000000000 Takahashi[1995]0 [1999] O
gboboobooobobooobobobobobboboboooon
gobooboooboooboobobbooboobobd
gboobooboboboboboboboobobobooooobg
O00o00o0000oOo0o0ooO0o0U0ooO0o0ooO (oo)ooooo
000000000000 (00000 [1992]0 Takahashi[1995] 0 [1999]) 0
goobobboooboobbooooobobbooooobobooon
0000 (Kunitomo and Takahashi[2001])) D00 0000000000
googobobbooooobbooooobbooooooobooon
gobobobopoooobobobooboboooobobobbobooon
gboboobooooobobobobbobobobboboboboon
0000000000 0000000000000 (0000Ikeda and
Watanabe[1989]0 Yoshida[1992] D D0 ) 0000000000 (Kunit-
omo and Takahashi[2003)) 0000 0000000000000 O0OOO
gobobobooooboobobooboboobooobonoooo



00O (Takahashi and Yoshida[2001a][2003] O Kobayashi, Takahashi and
Tokioka[2001)) D0 00 0000000000000 OOO (Takahashi and
Yoshida[2001b]) OO0 0000000000000 O0OOO0OOOOOO
goooboodooooobboogobobbbbbooooooa
000000000000 00O00000O00oOoOOD 2003]00000
ggn

00000000000 000oDooOoooooOooOsS, 0 CEV(Constant
Elasiticity of Variance) D 00 00O

dSy = (T - (S)Stdt+JS?th, (1/2 <~v< 1)

gbobobobooooboboobonooooboboboboboo
gobodbuogboobbo400bo0obbooboobooboobg
googbobboooooobbooobobobbooooobbooon
goobooboooobooooobobuooooboobooobooobn
gbobooboboooobobonobobooobobobobon
googooo

gboobooboobobooboobb20b0b00bobonooood
goboobopooobobobobobooooobbbobooobobo
gobobobpoobobooobooooo3bobbooboood
gboboobooooobbooobobooboboboooobon
0000 40000CEVOOODOOODOODODOOOODOODOOOO
gbobooboboobobobooobbsbooooobonoooon
gbobobooobobobobodoboboboboobobobon
000000ODOOo0oDOOO0o0ODOOoO0DOOObObOOoOobDOOocCcEVOOOO
00000000ODOOo0oooOocevOooooooooooooboooo
gboobobobooooboobboooobooboooooobooobo
gboboboooooobobobobobobonooooobobo
gobooooooogon

2 boooboobuobuobboo

gbooboobobobobbobobobobuobooooooobog
gobobooboobooboboboooboobobbooooboobg
goboboboobobobobobuobboboooobooboon
goboboboooboobobboooooboobobbooooobbooon
ood

(Q, F, {Filoct<r,P) 00000000000000000 [0,7] 00
000000000000 {Flo<t<r 0000000 O(-usual conditions-
0 0 O O Karatzas and Shreve[1996] O Definition 1.2.25 00 0)000
00000000000W,, (0<t<T)00(QF,{Flocer,P) 00
gobool1obooooboobobobooobopPbOoobboboOoO
gobodoboogoooobobobboooon



DO0OSH, (0<t<T)ODODOO0ODOO
dS; = (T —5)5’tdt—|—a(5’t)th,So :$(> 0) (1)

o0 (O0o0)0oooooUoo00g 2 0000000 :R—R
oboob0db0y,ze ROOOUODOO y,20000 Ky>00O0O0DOOO

o(y)? < Ki(1+4?) (2)

lo(y) —o(2)] < h(ly — 2])
0000000000000000 RO h:[0,00)— [0,00), h(0) =0, O
d00ooooodnboe>0on0oon f(oe)h_Q(u)du:ooDDDDDDDD

00 1 000000000000000O /1974000 31000000
000 Karatzas and Shreve[1996]0 Proposition 5.2.1300000000

goboobooobooobboobboobboboboobobd

0D 1 (@00000000) (1)0(2)000K >0000<t<TO
O<zx<ooUODODODODOOW2OOO0DOO
p(t,x) := sup Ele”""(K — S*)*] (3)
0<r<t
Ci = {z € (0,00); p(t, ) > (K —x)T} (4)
goooon

gobdbDsupb 0L r<t000oooobo0~0o0oooooon
000000 0e>000<!<TUOOODLOODOOD eaUIDODOO

P(ogqifgl Sy <a)>0 (5)

000000000 000000 e(t) D0D0O0ODO

Ct = (c(t), 00) (6)
goooon

(00)ooe610000

p(t,z) 000000000000 OD :00000000¢t0 (OO0
K0O)OoOoOooooooUoooOoUooooooooooooooooo
000000 (b)Ubo0obooo0ooooooboo(Do)oooood
O000000O00o0O0O00oOo0oU0OO0oOoOooOoooUD (6)o0oOo
000000000000 ¢(v) 0000000000000 00000
00000000000000e«) 0000000000000 0O0O00
00000000000000000 ¢(t)) 000000000000 00

goobooboboobooobbboboobobbobooobooog
gbobobooboooooboobobobobobobobooooog
gogboooognd



00 200 /0000000000B,:=c¢(T-t)00<t<TOOOO
gooogoo

sup Ele™(K —S5T] = E[e(K - ST+ E

T
0<r<T TK*/O e_TU1{55§B1L}du]

T
- E |f5/ e_T“S§1{55<Bu}du] (7)
0 =

googooo

(00)O0Ooe620000

0020000000000000020000000007T—-¢0<t<
7T)OOOD0O0O0O0OOOOoOOoooooooooooooooo

U100200000000000000000 000000000
T-t(0<t<T)OOODODDODDOODOODOOODOUOODOOODOOOOOOO0

Tt
PT—t7) = Bl UK~ SE ) 4Bl rKe ™ g,y
0 <
Tt

—EL/O (5556_7‘u1{55§3t+u}d%6] (8)
googooo
g10d0o
p(T—t,z) = sup [e (K — ST

0<r<T—t

T—t
= Ele T (K - 57 )"+ E[/ rKe ™1 ge <o(r—t—uyydu]
A <

Tt
—E[/O 0Sue” " Iy se<o(T—t—u)ydu]

T—t
— BleTK < S5 ) 4Bl KM s, du)
0 -

T—t
“E[[ 08te ™ sy dul

00000 1000000000000 L0000oOoO0oLOoOOoOOO
g203b000b000obobbooboobobobbobboobon
goboobooobooobobooboobboobon

OO0 20 7/70«t000000000 B,OO00O0OO0OBO
K-z = p(T—t2z)

T—t
— Bl TK < S; ) 4Bl rKe s, du)
0 T

T—t
“E[[ 08t Lsicnii dul (9

goboobg 00000000000



3 00000000000000000000000O0
r>0000000 000000000000
dSy = (r — 6)Sydt + o (S,)dWy, So = = (10)
0000 Sro0<t<TO0OOOOCOOOOOOOOO0OOOOOO0

oooooo0oboo-gob0b0é00000ODO0ODOObDODbOODOOODO
O :R—-RO0O0OOO0OOOOOOCO (2000000O0DODO

3.1 JUoduooobbbboooooooo
0070000 KOOoOoobooobuooobooobooo PyO

Py= sup Ele7"(K - S;)"] (11)
0<r<T

00000000000000000000 P,O00000000000
0000000000000000000000000000000 (O
0200)0

T
Py =Pp(T,z) + ’I”KE[/ e ""gz<p,ydu}]
0

T
_ SE| / TS gy <yl (12)
i <

o0 pooogooogboboogLteLrogooooboboo
ggod

T—t
K-z = Pp(T—tz)+ ?”KE[/ e {s5<Bus dY]
0 u

T—t
_E] /0 TS 5 <, ] (13)
godooood ZDDDDDDDDDDDDD(DD QDD)

000
Pg(t,z) == E[e (K — S7)T] (14)

googooo

ooo0ooOooOooOOobogoo S, 00o0ooooobobobobo B, OO
oboobo Pp,OD00ODOO

[0,7/00000 NOOOOO AD

A= —
N

00000000 0,A,2A,..,NAOODOOODOOOOOOOOO

00000000 Bw_na, Bwv_oya, - Ba 000000000000



googooo

RN
K —z= Pg(A,z) (15)

0000000 20 By_1ya 000000

RN

K-z = Pg(2A,2) —I—?”KAC_TAP(SZ < Bn-1)a)
_6A6_TAE[Szl{SZ<B(N_1)A}] (16)

0000000 20 Byy_9a 000000

Bv_1)as Bv—2)as - Biy_iz1a 00000000

i—1
K-z = Pp(if,2)+rKAY e " AP (S < Biy_ivna)
k=1

i—1
—0A Z e_r(kA)E[SgA1{S§A<B(N—i+k)a}] (17)
k=1

0oooooo =20 By_pyaOOOODO

0000000000000 By_1as Bw_2)a,-» Ba0 0000000
000000000000000 P40

i—1

Py = Pp(T,2)+rKAY " e "FYP(SEA < Bya)
k=1
i—1
—0A Y e_r(kA)E[SgAl{S;A<Bm}] (18)
k=1
oooooon

3.2 0O0OOOOoOOO

00000000000000000000

Py(t,z)0P(S; < A)DE(Sil(s,4) 000000000000000
000 AD00O00OOOOO00000000000000000000
Pg(t,2)0P(S; < A)OE(Sil5,<4,) 00000000000000000O

oooo0ooo s,0000000 (l0))oooooooUoooooooo
DeDDDDDDDDDDDDDDDDDDDDSie)DDDDDDDDD
goboooognd

45 = (r — 6)5 dt + co(SV)aWs, S = o (19)



O00D0D0ee(0,1]00000(10)0000000000(10)000000
0000 0%S) 0 eo(S9)0 000000000000 00000000

o*(St) = ea (S

00000000000e=000000000000000000000
00000008 00000000000000000000e=0.00
ooooooooo sPoo0o (19)00 dS'® = (r—6)S9atn S8 = 2
sfs)slslsls

SLSO) = gelr0)t (20)

00000000089 0006=0000000 000000000
000

S = SO 4 gy + g + o(2), (21)
git = /te(r_d)(t_s))a(séo))dWsa
0
t
gy = /0 r=9)=9) 95 (50)) gy AW,
9o (S
do(sY) = T2
U( t ) aS’ge) ‘St( ):St(O)

gooooo1bo0ood SLSO)I:JDDDDDDDDDDDDDDDD
goboobooooooobobobboooboon Xt(e)I:JDDDDD

CHO)
<ﬂd:§L?ﬁL. (22)

000 X\0e0000000000000
X(€) —
h g1t + €92t + o(€)

00000000, 00000000 5,08, = f{e2r=90-u52(5) g,
01000000000000000000XP 06000000000
00000000000000000000 OTakahashi[1999] 0 Lemma
21(1)000000

Elgat|g1: = 7] = cia® + fi,

- % / " r=D0)5 (50)) 9 (S0 /ue2<r—5><t—v>a2(5,§0>)dudu
t /0 0

ft = =iy,

00000000000000000 Xx90000000

9y () ~ 0l 0,53 + el (e + nlas 0,50 (29



0e0000000000000OOO (0DOOODOO Takahashi[1999] O
00)ooooo

1 —a?
n[l‘, 0, Zt] = ?Z:t exp (2—&> N

goooooboooood Xt(dDDDDDDDDDDDDDDDDD
O000OD0e|l0000000O00DODOO0OOOOOOODOO ((23)000O
0010)00e000000000ODO ((23)0000020)00000
gobogooboobboboboon

00 xP000000000 (23)00000P(S® < A)DE(S§€)1{5(6)<A})
t
0000000000 (00000000 63000)0000
. 5(6) _ S(O) A— S(O)
PS5 <A) = P2 < )
)
= px < A5 GSt )
a
~ N(ﬁ)—e(cta?—l— fi)nlag 0, %), (24)
A- 5"

as - —
v o1 —z?
N = [ esp( s,

E[S\91 E[S\91

{Xt(e)<at}]
€ 0
= E[(5” -5

(st9<ay]

(0)
+St 1{Xt(€)<at}]

1+ S9P(x9 < a)

)I{Xt(e)<a‘t}

€ 0

€ 0
59— 5"
€ {x{9<ar}

1+ 89P(x9 < a)

= (E| 1+ S9P(x9 < a)

_ (e)
= cE[X; 1{Xt(€)<at}
~ e(=Ynlas; 0, %] — eciainlas; 0, %))

at 2
+SO(N (=) — elera? + fi)nlas; 0,5), (25)

t \/it t
gooo0ooogoggooooggoono PE(t,x)DDDDDDDDDDD
DDDDPE(t,x)DDDDD ceJOO0Q0O0ODOOOOO PE(t,x)DDDDD

Py(t,z) = Ele (K —59)]

= E[e—Tt(K — S§€))1{S§€)<K}]

= (KPS < K] - EIS1 g0 _y)

~ e "K(N( ) — e(ciki + fi)nlks; 0, 54))

ke
VI



—e " e(=Xnlks; 0, %] — ecikin[ke; 0, )

k
+S£°><N<ﬁ> — e(ctk? + fi)nlki 0,5)}. (26)
Oodooooodd
K-S

k‘t =

€
gobgo bobobboobbobbdebgnd

o*(x) = eo(x) (27)

000000 e(x) 00000000000 OOOODOOOOOOODOO
gobodbogooooboobuooobooboobbooboobog
goboobogooboobooboobobonoboobbobboon

goboooogooog

000000000 Geske and Johnson[1984]0 00000000000
0000000 (Richardson’s approximation scheme) 00 000000
ooodooooooooopP,0000O0DODOO00O0OOOOOODODOOO
goooooooooooooooboooonoooooo40o0o0n
ddddoooooooooooooooooooobo pO00O00O00O0
O0ooo0ooo F(hwooooo

F(h) = F(0) + a1h + a2h® + azh® + o(h?)

000000000000 40000000 A=T/40000F (k)00
ogbobobobooboboobg«»b0bb0obobobooboonooog
goboonoooobooooo

F(4h) = F(0) + 4a1h + 16azh* 4 64ash® + o(h®)
F(2h) = F(0)+ 2a1h + 4agh® + 8azh® 4 o(h?)
F(4/30) = F(0)+ alh + 19—6a2h2 g—7a3h3 +o(h?)
F(h) = F(0)+ alh + agh? + azh® + o(h?)

0000AROO00O0O0O0O0O0O0D0D0DO0(A?) 00000 FO)OO0O0O0
000F(0)0000000000

F(O)N_%F(4h)+4p(2h)_¥F(4/3h)+%F(h) (28)
F(O)DDDD PADDDF(4h)DDD TOOODOOOOOOOOoooOOo
DDF(2h)DDDDDD T/2DDDDDDDF(4h/3)DDDDDD T/3
DDDDDDDF(h)DDDDDD T/4DDDDDDDDDDDDD 40
go00ooo0ooooboooooooooooooooooooooon
gooooooooooooooooono

10



4 0O0OO

gooboobooboboboobobobbboboboboboooon
000000000 CEV(Constant Elasticity Variance) 00 00000
googoo

4.1 CEvVDOO

O0OocCcEvOOOOO0ODOODODOOoOOOOoDOOobOOoDbOOobObobooO
cevOOoO0OOO0OO0oDOoOoOoOoOoOobDOoOobooOobObDOoOoobOoDOoo

dSt:(T—(S)Stdt+USgth,S():$ (29)
000 ~0
1/2<y<1
000000r 6000000000 x00z>00000CEVODOO
gooooooooobooo
ASt g

— (r—&)A
s, (r—29) t+(Stl_7

VAW,
0D00000000000000000000000000000000
00000000 00000000000000000000

cevOOoO0OOO0ODOoOoOOOO0oDOoOobObDOoUobDOoOobObOoOond
(00e64000)0000D0DOODODOOOULOOOOOODOOODOUDO
gobooobooobooon

gobooopoooboobboooobbooboooboboboon S,@DDDD

dS; = (r — 8)Sydt + ebS;dWy, Sy = (30)
oood
o(z) = bz”
oood
o' (x) = byz’ ™
ooooooooood
aad
a:=r—29

0000000000000
00 ¥, 000000
t
5, — /62a(t—u)a(5(0))2du
0

u

t
_ / e2a(t—u) b2($eau)27du
0

11



—  p2p2re2at /t eQ('y—l)Ozudu
0
2,.2vy
_ Le2at(e2(7—l)at - 1)' (31)
2(v = Do

00 cOooooon
t U
th? = / ea(t_“)b(xea“)vb’y(mea“)v_l/ e2a(t_”)b2(mea“)27dvdu
0 0

_ b4$47_1’)/€3at /t eQ(w—l)au /u eQ(w—l)avdvdu
0 0
4,.4v—1
_ b*x* ™y e3at /t e2(7—1)au[e2(7—1)au N 1]du
2(y — Do 0

_ b4x47_17 e?)ozt 1 (62(7—1)005 N 1)2
2y —Da  4(y - D«
_ b4x47_17 3at( 2(y—1)at _ 1)2
ozt (e 1)
8(y —1)2a2

goboooogoobon

4,4
E? B 4(719_:1:1;2062 4at(62('y—1)at _ 1)2
ood
B QxZat (32)
oood

4.2 0000000

o000O0O0OO0O0bOOOocEVOOOoOOOooooooooooooo
gobooboobbobboobobobobd

O000000000DoOoOoOOoOOOOoOO r = 0.048805(0) = 400
b =100 D00y = 0.5,0.66,0.7507T = 0.0833,0.3333,0.5833,10 K =
35,40,4500 00000000000 0020%030%040%06 = 0,0.1,0.3,0.5
b0 432000000000 0Db00b e obOobdbobOO
ooobobobobobobobuobberobooobon

ebS(0)Y = 0*5(0)

000000000000000000000000000000000
00000000000000.000000000000000000
0000000000000 30000000000000000000
00000000 1-400000006-900000
00000600006 =00000000 v=0.5,0.66,0.750T =
0.0833,0.3333,0.5833,10K = 35,40,4500 0000000 o* = 0.2,0.3, 0.4
00000 10800000000000000000000000000

12



00000000000 0000000000000 (ame a.e.) Nelson
and Ramaswamy [15| 00 0000000000000 0O000O00OOO
(ame latti) O (ame latti) 00000000000 (ame a.e.) DO OO0
(errorl) D0 DO0OO0ODOOO0OOOOODOOOOOOODOOOO 10000
00000000 0O00000y =0.750K = 3506 =0.007T = 10
c*=04000000000000000009O00000ODO0O0O0O0O
9000000000000 0.02%09990 000 1000000000000
—-0.02%000000000000000000000000000O0O0
0000000000 (eur a.e.)0Nelson and Ramaswamy 00000 O
D00000D00000000000 (eur latti)O (eur latti) 0 0 O O
00000 (eurae.) 00000 (error2) 00 000000000000
000000D000000000D0000 (ame a.e.) D (eurae.)000
O (premi a.e.)0Nelson and Ramaswamy 0 0000000000000
00000000 (ame latti) O (eur latti) 0 0 O O (premi latti)O (premi
latt)) 0000000000 (premiae.) 00000 (error3) D00 D00
gbooboooobobobbooooob40b000b00b0000000
00 (ame rich.)0 (ame latti) 0 00000000 (americh.) 00000
(errord) D00 OO0 (errorl)d(error2)O(error3)d (errord) D0 DO OO
goboobooobobgoboolibbobbooboobobobobbong
T=008330K =3U0c"=0200000000000000 70809
0§=0.01,0.03,005000000006000000000000D0O0O
0100006=00000 v=0.5,066,0750 300000000
(ame a.e.)0 (ame rich.)0(eur a.e.) D00 0O (average) DO O OO OO0
000 (rmse)00 00 (max)00 00 (min) O 7' = 0.0833, 0.3333, 0.5833, 10
K =35,40,45000000000 ¢*=0.2,03,04000 3600000
0000000oooooooooo 240000000 §6=0.01,0.03,0.05
gobooboogl1oobboobooobobanon
gsggbbboo420000b0b000boobbooooooboobg
gooboboboooboboobosbuooboboobobooon
gooooog
0oo0bo00bsé=0000000000DO0O0OODOOODOOODOOO
O00y=070T=100c"=020K =45(([A]000000000O0OOO
O00y=070T=100*=040K =350 [B]O0O00000OO0OOO
000O0O00O0000b100eb00D0O0ODODOOODOOSOO0OO
gboobobooboooooooboboboooobobobobooon
goboooogoog
000 60 (ame latti)O (ame a.e.)0 (errorl) 00000000000
O (errorl) D00 10000000000000O0OOOOODOODODOO
0000000000000 0000000000000 (ame rich.)O
(errord) JOOODOOOOO (errord) 000 2000000000000
gobobooboobobboboooboobuoboooobobonbo 4
googboboboooooobboboooobbbbooooboon

13



0000 (error)0 1000000000000 0O0ODOOCOOOOYO
TODODODOOO0O0O0O0DO OTM(out of the money) 000000 DO0O
0000000000000 00v=075,T=1,K=300c*=0.40
gboobobobe0bO0bOob0OebOOonOOobDbDObOODOOOn
DDDDDDDDDDDDDDX}(QDDDDDDDD(WZO.O)DDDD
goboobob~y0ooobbO0ObOb0DOO0ODLOOO0ODLDODOODbDOODO
goboobbdoobddlble=00000000000DOODDOOO
ooooobooobooboooo TherOoobbobbooboO
0000000000000 000000oo0ooooog OTM(out
ofthemoney) 00 0000000000000 ODOOOODOOOOOO
gboboobobbooobooobobbobobboboboooon
oooooooorMooooooOOoODOOOOoO0OobODOObOOoOoooo
00000000O000o0o0oo0o0n (01400 6-9000)0
gboooobboboboboboboooboobobboobobonbg
0000000000000 00000000000000O(premi latti)O
(premiae)0 0000000000000 OOOOOOOOOOOOO
gooobooboooboboboboboobobobbobooobn
000000000000 000000O00O00DOOoOn (error3)00O
00000000000000 (premi latti)(premi a.e.) DO0O00O00O
gbobooooooobobopooobobbboboooobobo
gbobobooooobobonoooooboboboboboobo
ooboooobbooboobooboogrospyooooobogebo
goboooboobbooboon
gs0bb0boboboobobonooobooboboooooog
gboboobobobobosbgobooboboooobobnooood
0000o00OoO0000obOoo0ooooooooooboobosbon
0070000000000 0000000ITM(in the money) 00 00O
goboobooboooooooboobooboooboob 1200
00000000000 000é=00T=100"=020K=45000
googoo
gboboooboboboboboobobooboboboooog
O00ooO0o00ooo0o0oo (o 1o0b0)boUboooo SrooOo
gobooboogoboobbo1l1gbobennonO
000 Bj(6 =00 =07507T =100* = 040K =35) 00 60
00000000000 0000 (errorl)D00000OO0OOOODODOO
[AJ(0 =00~y =0.7550T=100*=020K =45) 0000 BjOOOO
O0000=00y=0.7507T=1000000 (errorl) 00000000
000000000000 0O00ooO0oOoooo oTMOUIOOO [B]
000000000000000000000 BOO0OD0O0ODO 100 2)
O000000[AjoB|OO000O00O0OO0O0O0OOOODOOOOOOO
O00000O000O0O0O0OOoOo[AlD00DO0O0OO0U0OOOoOOoUODO
gobooboogooooobobobboooon

14



OO0 [A]l0BjOO0O00O0OO0OUODOUOOO S,O0ODOODOOOOOOO
0000000000000 000000O0O0(@ 30050000000
0000000000000 000O00O0O0O00O00DO0oooOOD [A]
googboboboooooobboboooobbbooooobobon
ooboboboboobobobdobD Koobobooooooooooo
0400 60000000000 [AJjOODO0O0OOO0DOOOOOOODOO
0000000000000 000 BjOOODODOO KOOOoOoDOoOOo
gboboboobooobobobobooboobobobobobon
goboobooboooobobobobooobooboboonooon
gobooobobbooooobobonoooooboobbobobon
god

5 Uogf

00000000000000000000000000000000
00000000000000000000000000000000
0000000000000000000 (Takahashi[2002] 00)0000
00000000000000000000000000CEVOOOO
000000000000000000000000000000000
000000000000000000000000000000000
0000000000000000000

00000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000
0000 (Takahashi[1999)) 00 0000000000000 (Takahashi
and Yoshida[2001b)) 00 0000000000000 00000000
00000000000

6 OO
6.1 001000
0000000000000

0<z<y0OO
P[SF<S!VO<t<T|=1

15



000000 Karatzas and Shreve [7] O Proposition 5.2.18 0 0 00O
god

E[ sup |S7]?] < o0
0<t<T

0 Keo>000000
(r—5)2x2+a(m)2 §K2(1—|—x2)

0000000000000000 (20000000 3.2.6)0
e"(r=9lgr 0 <t+<TOODODODODODODODODOO0OOOO0
00

e_(r_‘s)tSf =r+ /Ot e_(r_‘s)“a(Sff)qu.
r—06>000
E| /0 Le2r=ug2(gnyg] < E /0 ' 02(5%)du]
< E[/Ot Ki(1+ 52)du
~ Kyit+ KlE[/Ot S72 ]
— K+ K /0 "Bl du

t
< K1t+K1/ E[ sup |S%|?|du
0 0<s<T

= Kt+tK\E[ sup |S¥?]
0<s<T

< o0

0O000r-6 < 000000000000000000O000OO0
e~ (r=9lgr 0<t<TOOO000000DODODOO0OOO
pt,z)> (K —z)t 000000

p(t,x) = sup E[e7"(K — S%)*]
0<r<t
> E[(K - S§)7]
= (K—2)*"
oooooo
p(t,z) >000000000000000O0O0

O<x< KOO
pt,z) > (K —2)" >0

K<x0O0O0O
K
1=t Ainf{u > 0; 5] < 5}

16



googooo

ptr) > Bl (K - 5)7]
> Bl ]
= DB ()
> 0.
000 p(t,z) > 0.
oo1000
p: (0.7]x (0, 00) — [0, o0) (33)

gooooobooooboobod

00t000000000000(ty,70)0 [0,00)200000000000
to <tOD0OO0O0DbO¢t0odnd

7™ :=inf{u € [0,); p(t — u, z0) = (K — 5™ (u)) "} At
T()::T*/\to
goooon

god

sup E[e”"(K — S™)*] = E[e™" (K — §%)¥]
0<r<t

goboooogooog

Ip(t, x0) — p(to, z0)| = p(t, x0) — p(to, o)

= Ele 0

7))*] = p(to, xo)

(K —5%(77))

e (K — 57(r")) "] — Ele ™ (K — 57 (1)) "]
(K —5%(77))
” )

IN
=

—r7*

I
&=

e 0(7_* + e T (K — S;ro( ))-l—

(
(

[

[

[
< E[{e™ (K —8%(r")) — e "™ (K — 8(70))} ]
< E[(e757(rg) —e T 87 (r)) ]
= E[(e_rtosxo(to)—e_” ST () L rg=to}]
= E[(e7"5™(to) — e S7(7%) Lg<rny]
< B[ sup (7 ”OS”CO( 0) — eS80 (u) Lty <]
< E[tos<12p<t(e_”05x° (to) — e " S 0 (u))™].

O00000D0O0O0DO0O00D0 «OpO0O0O

— Bt <(a—p)*F

17



goboooogoobon

god

o
IA

sup (e 0570 (¢g) — e S 0 (u)) T
to<u<t

2 sup |e”"“ST0(u)]

to<u<t

2 sup [S*(u)|.

0<u<T

IN

IN

E[suppc,<r |S?(u)]] <o 000000000 00¢ | 0000000
0Do000O00O0

tbgpobooooobboooboobobbonoboobobd

p0 2000000000000 0O000DO0O0000<2<Sy00O0O0O
UzO0yOO0<t<ooOOOO

7 = inf{u € [0,¢);p(t —u,z) = (K — S(u))T} At
goooon

000 2z<yO000O
p(t,z) > p(t,y)

goboopooooooobobooo

p(t,x) = sup Ble (K - 57)7]
0<r<t

p(t,y) = sup Ele™"(K — S¥)*]
0<r<t

O0<r<to0goooobooo-ooooo
ST < S

e—’I‘T(K _ Sf)—’— > e—’/‘T(K _ Sg)—f—

000
p(t, ) > p(t, y)
0000
Ip(t,z) —p(t,y)| = pt z)—p(ty)
= E[e7(K - 5%(m))"] - p(t,y)
< Ele7"™(K = 5%(7))"] — EleT (K — §Y(1,))"]
= E[e7{(K - 5%(12))" — (K — §¥(12))"}]
< E[e7(8Y(7z) — 5(72))]

18



Ble 07 e 007 (8V(r,) — §°())]

< E[e "™ (8Y(r,) — $%(72))]
— y — X
= |z —yl

D0000<wu<t000000 w0000 S%u) < SY(u)de”"=9tS(4) 0
0D000000000000000O: >y00000000000 p0 20
00000000000000000000

gobdpbonbooonbo0Od

Ip(t, z) — p(to, z0)| < |p(t,x) —p(t, 20)| + [p(t, w0) — p(to, z0)|
< |z — x| + |p(t, 20) — P(t0, T0)|
— 0 ((t,x) — (to,zo) DO DODO)

googooood

00
t—p(t,z) 000000 (34)

2+ p(t,z) 000000 (35)

Tz +p(t,z)000000 (36)

goboooboood

0000 p(t,z) 0000000 DOOOOO0ODOOOOODOOOODOOO
O000O000OoOO0bDoOOoOooogd
0<z<yO0<t<ooOOOOODO 2z0y0¢t000

p(t,z) —plt,y) < Ele™ (K - §%(r))"] - Ele"™ (K — §¥(r)) "]
E[e_”’“(Sy(Tx) S%(72))]

Ele~T e 707 (8Y(r,) — 5%(7a)]
Ele™U07 (8Y(r) — 5% (1))

Yy — .

IN I IA

000
p(t,x)+z <p(t,y)+y
0000000000000 000
000000000zeCGOO000000z<y000000 yODOO
p(t,y) > plt,z)+z—y
(K—2)"+z -y
(K—2)+z—y
K-y

vV Vv

19



p(t,y) >000
pt,y) > (K —y)*

oo
y el

00 p(t,z) 000000
Cy = {x € (0,0);p(t,z) > (K —x)"}
00000000000000 ¢(x)DD0OO0ODO
Ct = (c(t), 00)

goboooogooog

6.2 002000

00000 2000000000 Rutkowski[1994] 000000000
gbobobooboboboobobobboboboobooboo
goboobogoboobboeshdbbOononboOO

o0 A1l
Xy =Xo+ M+ Vi 0<t<T (37)

0000000000000 (0o0X,00O0O)OM,0O My=00000O
ooobobobovio Www=0OoOobuoooboooboo

E[ sup [X¢[] < oo
0<t<T

ggod
V}DDDDDDV}dDDDDDDDDDDDD v, 00000

dVa = vydt

00000000
000000000¢te{0,7}0000

E[X:+] = ess sup E[X;|F], YO<t<T
t<r<T

oooooooo 000000

T
E[X;] = B[X7] - B [ /. 1{T;;u}dvu] (38)

googooo

20



gg2000

00 B <KOOOOODOOOOOOOO
0ooo
Cr—t = ((T = 1), 00)

00000 p(T—t,K)>0,(K—-K)"=000

p(T—t,K)> (K- K)*.

oo
K eCp_y
oooogad
Bi=e(T —t) <K
oood

e'(K-S7)T000000000000000000D00D0000
god

T
e_TT(K — ST)+ = (K — S())+ —|—A (—rKe_ml{SuSK} + (5Sue_ru1{Su§K})du
T T
—1/ e‘”ﬂ%%<KyﬂSde@4i/ e " dLE(9).
0 = 0

0000LK(S)0D0S 0 KOO0O0O0O0O0O000000
X, M,,V,0000000000

Xt = e_rt(K—St)+
T
Mt = —‘/0 e_rul{SuSK}J(Su)qu
T T
Vi = ./‘(_WJ(éﬂmlﬁhSK?'+55he_mq{5u§K}ﬁhL+u/ AL (S)
0 0

000e00000000000 Efsupge;er |SF|2] < 000 O Burkholder
0000 (000 OKaratzas and Shreve[1996] O Theorem 3.3.280 0 0)
gooond

E[ sup [X¢[] < oo
0<t<T

000000000000
rKe "<y 000000000

o =inf{u € [t,T); Sy < By} AT
gooooog

Ele™" (K —S,:)*|F] = ess sup Ble™"(K—5,)*|F] for allt € [0,7]
t<r<T

21



O000O00ODOOoO0 A10O0O0

sup Ble (K — )" = Ble (K — S5)"]
0<r<T

[ T
— BT 507 B [ v
L/ 7o

[ T
= E[e—"'T(K — ST)+] —E / 1{S1L<B1L}qu]
oy 2

[ T
= E[e_"'T(K - ST)+] —E / 1{Su<Bu}qu‘| .
0 =

T T
E[/O 1{sug3u}qu] = E[/O (—rKe ™ ls, <xylis.<p.y + 05ue™ s, <y lgs,<p,})du

T
+/0 e s, <,y dLy (S)]

S,<B,00t000000B <KOOOLK(S)DODDOD 0000000
00 1{SUSB7L}1{S1L§K} :1{SuSBu}DDDDDDD

sup Ele” (K —8-)*] = E[(K - Sr)T]+E
0<7r<T

T
"”K/O e_ml{SuSBu}d“]

T
—-E [5/ e_TuSul{S1L<B1L}du]
0 <

ggod

6.3 U0OUOOOoOO

0000000 X900000000000000000P(X < k)0

E[X§€)1{Xt<e)<k}] 00000000000

OO0 A20000 X0O000O00O00O
d
€ - ;72 -7 ;72
0 () = nf; 0, 5] + e[~ {(z)nla; 0, S]]
O0000000000ee (0,100 0000000
h(z) := ¢z + f
fr = —ct Xy

1 —z?
nlx; 0,3, = 5, exp <Q—Zt>

gogboooognd

P(X\) < k) = N(——) — e(cik? + fi)n[k; 0, %],

ke
VI

22



E[X,fe)l{Xt(e)<k}] = —Yyn[k; 0, %] — eck3n[k; 0, 2.
0oo
2 J
/ mexp( )dz.
00

P(x{ < k) :/ gy (@

B /_oo[ [0, Z]—"e[__{h( )nlz; 0, 3] }]dx.

ggod
k

k
/_Oon[g;; 0, Bdz = N( ).
o4
| bl 0. 2))da
= —e[h(@)n[z; 0, S]5_

= —e[h(k)n[k; 0, ]
= —e(ctk2 + ft)n[k§ 0, Zt]'

goo

k k 1 —z?
0,2 )de = d
/_Ooxn[:r {]dx _mx\/ﬁexp o5, x
= —Etn[:r;(), Et”k

T=—00

k k
/ h(z)nlx; 0, Xdx = / (ctx? + fi)n[x; 0, 8] dx

k k
= Ct/ xQn[x,O,Et]daE—l—ftN(ﬁ)
—c0 t

23



k k d
/ z2n[z; 0, X dx :/ x%(—Ztn[x;O,Zt])das
k

n[x; 0, 3]dz)

= il 0,5~ |
k

= —Si(kn[k; 0, ] — N(—=)).

Non
sjsisfsislsls
E[X,fe)l{Xt(e)<k}] = —Yyn[k; 0, %] — eck3n[k; 0, 5.
6.4 CEVODO

ooo0oOcCcevOd0OOoOoOoOooOoOoOoooOoOoboobooobooooooo
0000000000oOO0 (oo 2)Doo0oboooooooooo
gobooobognd

dSt = OéStdt + U(St V O)Wth, S() =X

0Doooo
000 ~0
1/2<y<1

gogboooognd
gobooboooogn

O0B14y01/2<y<1000000000
oooboobo «0y0bO0b0O0bD0ObD0ODL KODDOO

|27 —y'| < K|z —y|?
Oooooo
0o

r>y>00000000

=yt 1—u

-y (d-w)r

ggn
u:=vy/z
goon
oo
0<u<l1
goon
1—u”

e

24



. 1—u”
hmi =
ull (1 — ’U,)'Y

DDDD(}:Z%D0§u<1DDDDDDDDDDDD Kooooo

1_ Y
Y K, 0<u<1
—w
0ooooO0O0o0oOn

0oo

|e7 —y'| < K|z —y|?

ggod
r=y00000000z<y0000000O00O0DOO0O0DOOODODOO0O

O000000000000000 87, 0<t<oo00000000O0O
az0O0z>0000

S¢>0,0<t<o0,(P—a.s.)

goooooobobobooboooood
000001974000 3.1000000
000000 B10O0O Karatzas and Shreve[1996] O Proposition 5.2.13
goooon
r=0000
S =0,0<t<o0

ggod
0000 (Karatzas and Shreve[1996] O Proposition 5.2.18) 00 = > 0
ggod
PSP < SF,0<t<oo] =1

googooo
goobdbez>000000

P[SZ>0,0<t<o0] =1
oood
O0B22x>000e>000<l<oo000000«0IO0O0OO
: x
P(quifglsu<a)>0

ggod

25



RN

a>000000000
t t
St:x—l—/ aSudu—l—/ oS dW,
0 0
ooooooooooOod

t
a%$:x+Aaawngu

t
Aﬁ:::]ﬁ oe M SYdW,
0ooO

. TS )
P(quifngu >a)=1

goboooboood
0<t<iognog

t
(M); = /026_20‘“527du
0

t
> /026_20‘“a27du (P —a.s.).
0

0<s< floe2®duD 00000 s00000000 T(s)0
T(s) :=inf{t > 0; (M); > s}

goooono
goo
0<T(s) <l

00000000000
0<s< [lo2e 2% dy 000 s0000

B = MT(S)7 Gs = fT(s)

ooobobobobobobobUob BsObobobuoboboo
oooooo MpyDOOOOOO sOOODOOOOODOOOO0OO
goboobog cbogo

P(ogqifglMu <c)>0.

god

googooo

26



gooooog

. T ) —
P(quifglsu >a)=1

gooon
a>00000000000000000000000 (Karatzas and
Shreve[1996] O Proposition 5.2.18) 0000000 a<000000O
P( inf S
(ogqigls“<a)>0

goboooogon

65 OOA100O

0000 Rutkowski[1994] 000D 0OO00OO0O0OO0OOOODOOOOOO
goboobooobooobobobbonoo

OodA1000

0 X0O0U00O0ooboboobooobzZ0 Xoooooooooooo
O0000000O000000 Jacka 400000000 ODODOO

Z000.
goooobog pobDbd

Zy, =-ess sup E[X/|F,].
n<t<T

1) =inf{u € [t,T)|Z, = Xu}
z.0O0ooooboooboo
7, = Zo+ N, + B,

ggod
gooonNOODbOoboobobooboB0O0booonon

E[XT(;‘] = E[E[XT(;‘ fOH

= Eless sup E[X.|Fo]]
0<r<T

= E[Z]
= E[ZT — Np — BT]
— B[Z] - E[Br]

[

27



ggn
T
A 1{7—1’;>u}dBu =0 (P — a.s.)
goooooon
D .= {Tt* > t} = {Zt #Xt}

ooobobozox,00oooo DDo0ogog
pDOOOOODOOOOOOO1/A,00000000000000 LRO
D00 Ry 00000 (k=1,2,..., N,)O
00 SP:=Ly+1/n0000000 74, =RPO00000000000
k
Zgp = ess sup E[X;|Fgn]
S]?STST
= E(XTg,zFS]?)
= E(Xgr|Fsp)
= E(Zpy|Fsp).

RN

oo Np

D= U U Sk, RY).

n=1 k=1
000 D, :=Uy,[Sp, R 0000

T T
A 1{7—1’;>u}dBu = A 1D(u)dBu

Zsp = B(Zpy|Fsp) 000000
E(Brp — Bsp|Fsp) = E(Zrp — Zsp|Fsp) — E(Ngrp — Nsp|Fsp)
= 0.

B,000D00D0 Brr —Bsp <00000Bgy —Bgp =000000
ooo

T
/ Hri>uydBu =0
0

good
UtZ:Zt—Xt
goooao
ood
U >0

28



oooo
U,00000000000 LY(U)0 000000 LA(U)0000

Lg(U) - Eg(U) =2 At 1{0}(Uu)d(Bu - Vu)
(Protter[1992] O O )O

000, 00000 LY(U)=00000000{r =u}={U,=0}0
00000

T T
‘A UpicaydBy = K;]{M(U@dBu
1, T
- RO+ [ 10,
= 1LO(U)+/T1 v,
2 t 0 {T;;:u} u:
00000000

00 1 0000000000000Y,;=Y%+M+C, 00000000
00000 0000000000 CI0dC=4dt00000000
O00Yy00000000000 L(Y)OODOOOLY(Y)=00000

(Y)=00000Y;,>0000
t
L) = 2 [ 1y v)dc,
0
t .
— 2 [ 1y)dc;
0
t
::2/1mo@@mpmgt§T
0
d(M), 00000000
d(M),, = mydu + d(M)$
D0000000m, 00000000

W:={uel0,T]lm,>0}000W-0 [0,7)00 WOOOOOOOO
ooo

T T
Lp(Y) = 2/0 1{0}(Yu)§u1w(u)du+2/0 Lioy (Ya)&ulwe (u)du
T
= 2 [ g g tw(wmy @), — D),

T
+QA 1{0}(Yu)§ulwc (u)du
= J1—Ja+ J3

29



gooooog

T

o= 2 /0 Loy (Ya)uly (w)m; L (M),
T

Jy = 2 /0 1oy (Ya)Eulow(u)my d(M)?
T

J3 = QA 1{0}(Yu)§ulwc(u)du

ooood -
)= [ L5

—00

goboooboobbobboon

00 T
=2 [ [ g E)wmy dLi(Y)dz =0
—o0 JO

T
0<h = 2 Loyedwlumy A,
0

< 2 AT 1{0}(Yu)§ulw(u)m;1d(<M>i + mudu)
= J

Ji1=000 J,=00000
M = {u € [0,T]|m, = Y, = 0}

O00ANDODDOOODOOODODOOMM)=0000 J500000 J3=0
ggod
00000 A\M)>000000000000000000O0

t
g(t) ;:/ Lae(u)du, YO <t <T
0

OD00g)00000000000000 ¢g"¢)0000

=g Y(t)00OY;:=Y,0F:=F,0000Y,0 /000000
00000000000 Mue(0,T]]Y,=0}=000000Y;,000
DO0O00O0000o00000

00 L(Y) = Ly (V)0 D000 (El Karoui[1978] 00 )OLG(Y) = 0
000000

ooooooooo
U, 000000000000 V400dVe=vdt000000 100
L(U)=00000

30



E[X.:] = E[X7]— / Lrs—aydBu] - / 1rssuydBul
= E[XT / 1{7—**u}dB]
= E[XT]+§L?(U)—|—/ Ly dVy
0

T
= E[XT]—I-/ 1{7_;;:u}dvu
0

ggod

Ooon

1]

2]

[10]

P. Carr, R. Jarrow and R. Myneni, “Alternative characterizations
of American put options,” Mathematical Finance, 1992.

N. Ikeda and S. Watanabe, Stochastic Differential Equations and
Diffusion Processes, Second Edition, North-Holland/Kodansha,
Tokyo, 1989.

J. Huang, M. G. Subrahmanyam and G. G. Yu, “Pricing and Hedg-
ing American Options: A Recursive Integration Method and its
Implementation,” Review of Financial Studies, Spring 1996.

S. D. Jacka, Local Times, Optimal Stopping and Semimartingales,
Annals of Probability, 21, 1993, pp.329-339.

EL Karoui,“Sur les Montees des Semi-martingales, Asterisque,”
1978, pp. 52-53

R. Geske and H. Johnson,“The American Put Value Analytically,”
Journal of Finance, 39, 1984.

I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Cal-
culus, Graduate Texts in Mathematics 113, Springer-Verlag, 2nd
edition, 1996.

I. Karatzas and S. E. Shreve, Methods of Mathematical Finance,
Springer, 1998.

T.Kobayashi, A.Takahashi and N. Tokioka, Dynamic Optimality
of Yield Curve Strategies, Discussion Paper Series Faculty of Eco-
nomics University of Tokyo, CIRJE-F-141(submitted), 2001.

0D000,0000,0000000000000,0000000
0 vol 14, 1992, pp.1-19.

31



[11]

[12]

[13]

[14]

[15]

[21]

[22]

[23]

[24]

N. Kunitomo and A.Takahashi, The Asymptotic Expansion Ap-
proach to the Valuation of Interest Rate Contingent Claims, Math-
ematical Finance 11, 2001, pp.117-151.

N. Kunitomo and A.Takahashi, On Validity of the Asymptotic Ex-
pansion Approach in Contingent Claim Analysis, The Annals of
Applied Probability, 13 No.3, August, 2003(to appear).

oo, boob, bbooooobobbooboo-0bbobbobbbad
O-,0000000,2003(00).

gooo,00o00o0040,bo000), 2000.

D. B. Nelson, and K. Ramaswamy, “Simple Binomial Processes as
Diffusion Approximations in Financial Models,” Review of Finan-
cial Studies, 3, 1990.

P. Protter, Stochastic Integration and Differential Equations,
Springer, 1992.

M. Rutkowski, “The early exercise premium representation of for-
eign market American options,” Mathematical Finance, 4, 1994,
pp-313-326.

A.Takahashi, “Essays on the Valuation Problems of Contingent

”

Claims,
1995.

Ph.D. Dissertation, University of California, Berkeley,

A.Takahashi, “An Asymptotic Expansion Approach to Pricing Fi-
nancial Contingent Claims,” Asia-Pacific Financial Markets, 6,
1999, pp.115-151.

A.Takahashi, “An Asymptotic Expansion Approach to American
Options,” Unpublished manuscript, 2002.

A.Takahashi and N. Yoshida, “An Asymptotic Expansion Scheme
for Optimal Portfolio for Investment,” 0000000000 1215
O0oodoooboooooooooooon, 2001a.

A.Takahashi and N. Yoshida, “The Asymptotic Expansion Ap-
proach with Monte Carlo Simulations,” Preprint, 2001b.

A.Takahashi and N. Yoshida, “An Asymptotic Expansion Scheme
for Optimal Invextment Problems,” Preprint, 2003.

0000,0000000,0000, 1974.

32



[25] N. Yoshida, “Asymptotic Expansions of Maximum Likelihood Es-
timator for Small Diffusion via the theory of Malliavin-Watanabe,
Probability Theory and Related Fields,” 92, 1992, pp.275-311.

33



