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ABSTRACT

There is now considerable econometrics literature on estimating the coefficients
of one equation in a simultaneous equation model. Recently, econometricians are
entertaining the problem of testing a hypothesis concerning the coefficients of a
single equation. In this paper we derive the likelihood ratio test for a vector of
coefficients in the case when the error covariance is known.
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RESUMEN

Existe considerable literatura en econometria sobre la estimacién de los coefi-
cientes de una ecuacién individual en un modelo de ecuaciones simultaneas. Re-
cientemente, algunos econometristas se estan ocupando del problema de la prueba
de una hipdtesis concerniente a los coeficientes de una ecuacion individual. En
este articulo deducimos una prueba de razén de verosimilitud para un vector de
coeficientes en el caso en que la matriz de covarianzas de errores es conocida.
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Matriz de covarianzas de errores; prueba de razén de verosimilitud; modelo de
ecuaciones simultaneas; prueba de hipdtesis.
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1. Introduction

There is a considerable econometrics literature about estimating coefficients of
one equation in a simultaneous equation model (Anderson and Rubin (1949), for
example). More recently, econometicians have been studying the problem of test-
ing a hypothesis concerning the coefficients of a single equation. See Andrews,
Moreira and Stock (2006), for example. In a previous study Anderson and Kunit-
omo (2007) have derived the likelihood ratio test of a vector of coefficients when it
is agsumed that the single equation is identified and the covariance is estimated.
In the present paper we derive the likelihood ratio test in the case of the error
covariance matrix known.

2. The model

Let Y be a T' x (G matrix of endogenous or dependent variables; let Z be a T'x K
matrix of exogenous or independent variables; and let V be a T' x G matrix of
unobservable errors or shocks, which are statistically independent of Z. The rows
of V are assumed independent, the t-th row of which has mean £(v;) = 0 and

covariance £(v;v;) = . (The matrix € is assumed known.) The "reduced form”
of the model is
Y =ZII+V, (1)

where IT is a K x G matrix of parameters. Statisticians will recognize (1) as a
multivariate regression.

A single structural equation of interest may be written as

Y3 = Z%Ju, (2)

of Y and Z, some "identifying” assu ons concerning 3 and 4¥are made; in
particular some components of 3 and 4/may be assumed 0. The relation between

(1) and (2) implies
P 13 :@ (3)

The eqpation (1) is said to be identified by ('s if given IT (3) has a unique solution
for (ﬂ', except a constant of proportionality.

where u = V3. To distinguish thisg%lation from other linea binations

In this paper first we pay special attention to the case that v = 0. Then the
relation (3) is
I8 =o0. (4)

Then 3 is identified if IT has rank G — 1.

We consider the null hypothesis Hy : 8 = B, where B, is a specified vector. This
null hypothesis is equivalent to the hypothesis that I13, = 0.
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The unrestricted regression coefficient IT can be estimated by the sample regres-
sion

P=(Z7)'7Y. (5)

When €2 is known and V is normal, the matrix P constitutes a sufficient set of
statistics. The density of P for Q = I is

L(II) = (27)"27% exp {—%tr(P —II)'A(P — H)} : (6)

where .
A=7Z7.

The likelihood maximized with respect to IT is
Ly, = (27)27C,
where Hy denotes the model with no restriction on IT.

The model and the inference problem have some invariance properties. If Z is
replaced by Z = ZC and II is replaced by II = C™'II, then the model (1)

is unchanged since II3 = 0 is transformed to f[ﬁ = 0 The null hypothesis is
unaffected. Note that C is an arbitrary nonsingular matrix.

If Y is replaced by Y® = Y*, V is replaced by V® = V* (vi = ®'v,), II
is replaced by II® = IT*, 3 is replaced by &7 '3 = 8*, and B, is replaced by
& '8, = B, the model is unchanged with € replaced by 0P = Q. When
Q = Q" =1 is required, P = I, that is, @ is an orthogonal matrix.

3. Likelihood Ratio Tests

We denote the model with IT having rank G — 1 as H;. We shall derive the
likelihood ratio criterion to test Hy when H; is assumed, namely Ly, /Ly, , as the
ratio of the criterion to test Hy vs Hs and the criterion to test H; vs Hs.

LHO _ LHO/LH2

Ly Lu/Lm,

The hypothesis that II8, = 0 can be considered as the hypothesis that IT has
rank G — 1 and IIB;, = 0. When G = 2, IT has rank 1, that is, can be written as

p~' for the K-vector g and the 2 vector 4, and that '3, = 0.

Lemma: If G = 2 and IT = v, then the likelihood function of P maximized
with respect to p is

’ ]. ’ ’
mﬁx L(py) = (27) Texp {—itrP AP + ;i'y P AP'y} )
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Proof:

Lipy) = (2m) "exp {—étr(P — Y ) AP~ m’)}

1 / / / ’ / !
(27) T exp {—ﬁtr [PAP —Yuw AP —P Apy +~yp Apy } }

is maximized at u = Py/~'y. Q.E.D.

To eliminate the indeterminacy of a scale factor in 3 we require

BB=1

An alternative normalization is
BeB =1,
where W is a known positive semi-definite matrix. To specify ﬁ/ = (1, 3,), for
example, we take
10
= { Lo } .

When IT is K x 2, then II3 = 0 implies

By =0

Let «, be a vector such that ﬂz]fyo = 0. Then

1 / 1 ! ’
Ly, = (27) Texp {—étrPAP + 5’70P AP’yo}

2m) T exp { —% ﬂgP’APﬁO}

since , . .
trPAP =38P APB+~ P AP~.

The likelihood ratio criterion for testing Hy against Hy is

L 1 .,
LHO = exp {_§B0P APBO} .
Ho

When the null hypothesis Hj is true,

—2log EHO = B,P'APS,

Hy
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has a y?—distribution with K degrees of freedom since P(3, has the distribution
N(0,02A7Y).

Now consider
Hy :rankll = G — 1,

that is, IT is written as IT = pu~'. The likelihood of P maximized subject to
IT = p~y' is

L = maxmaxL(py
, axmax L(py )
1 ! ‘P'AP
= (2m) Texp {——trPAP + -~ max ‘Y,—’Y}
2 2 v
1 P'AP
= (2m) Texp ——min'B/—'B :
2B BB

The likelihood ratio criterion for testing H; against Hy is
Lz, 1 . BPAPS
= exp{ ——min ————
LHz 2 B /8/8

13 P APB

where ,[Ai’ is the maximum likelihood estimator of B for H;.

When the null hypothesis H; is true,

Lu, . BP'APS
—2log — = min ————-
LHz B /6 ﬁ
BP APS
BB
has a limiting y?-distribution with”1 degree of freedom (Anderson and Rubin,
1950). Note that min,(b'P’APb/b'b) is the smaller root of

’P'AP —dL| =o.
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The likelihood ratio criterion for testing Hy against H is

L, _ Lu/Lm,
Lu, L, /Ly
o 1 ‘P'AP
= expq =B,P APB,+ - min ﬂ,—'@
2 2B BB
BPAP3  [B,P'APg,

Equivalently, the likelihood ratio criterion for testing Hy against H; is

3B BB

plog b _ B,P'APB, 3 P'APE.
L, BoBo 3B

(7)

Note that the criterion does not depend on the normalization of 3, and of 3 The
criterion (7) has been proposed by Moreira (2003). He called (7) the conditional
likelihood ratio.

Corollary: The likelihood ratio criterion (7) is invariant with respect to the
groups of transformations

Z=17C,II=C'II

and
Y'=Y® P =P® 3 =3,8, =38, (8)

where ®® = I. When Q = 021, the transformation (8) is appropriate. A
normalization of 3 ¥3 = 1 is transformed to

B ®wd3 = 1.

When G = 2 and € = I, the condition 33 = 1 implies that 3 can be written as

=] % )

sin 6
and - can be written as

—sinf ]

~ = constant X [ cos 0
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The term maxy, L(pu~') is independent of the constant which can be taken as 1.
The null hypothesis 3 = 3, where

| costh
Bo = { sin 6, }
implies that the null hypothesis 3 = 3, is equivalent to 8 = 8, and
| —sinby
T="707 cosly |-

Anderson and Kunitomo (2007) derived the likelihood ratio criterion for testing
Hy against H; when €2 is unknown and must be estimated. In that case let

H=YY - PAP.

The maximum likelihood estimators of IT and Q are P and (1/7)H (under H).
Then

L = log
Hy

B,P AP,
B.HB,

is the likelihood ratio criterion for testing Hy against H;. It might be observed
that Anderson and Rubin (1949) derived the likelihood ratio criterion for testing
H, against H, explicitly and the LR criterion for testing Hy against Hy implicitly
(the converse of a confidence region), but did not derive the LR criterion for
testing Hy against H;.

1+

—2log — log {1 -+ min bPAPb

b b'Hb

When the null hypothesis is true, P8, 2 0, (1/T)H & Q as T — oo. Assume
(1/T)A — Ay. Then expansion of log(1 + z) =z + 0,(1) for z — 0 yields

Ly, _ BP'APB, in b'P'APb

—2lo 7 7
511 8,HB, b b'Hb

+0,(1).

The limiting distribution of —2log[Ly,/Lp,] is the same as the limiting distribu-
tio 2log[Lj;, /Lj;,]- Under the null hypothesis the limiting distribution is x?
with’T degree of freedom.

4. More General Models

Suppose that Y, Z, 8 and v"in (2) are

Y =(Y1,Y2),Z=(Z1,Z,),8= [ﬂol ] v = [%1 ],
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where Y, and Y, have G; and G5 columns, respectively, and Z; and Zs have K;
and K, columns, respectively. Then (2) is

Y8, =72y, +u (10)

Let

H11 H12 Qll 912
II = Q= )
|: H21 H22 :| , |: 921 922 :|

I, 8, "1
= 11
[ I, 8, 0 (11)
and u = V18,, where V = (V1,V3). The second subvector of (11) corresponds
to (4).

Then (2) and (10) imply

It will be convenient to transform the model so that the two sets of exogenous
variables are orthogonal. Let

7z, Z\Z,
| 2,2, Z,Z,

A:ZZ:[

All A12
A21 A22

and
2oy =175 — Z1A1_11A127 Ag = Ay — A21A1_11A12~

Define (IT},,II},) = (Ix,, A;] A12)IL. Then
Hllﬂl *
711 = (Z,,Z = (Z1,Zy)TT
( 1, 2'1)|:H21,31 ( 1 2.1) )

by defining IT*. Define also

v - [Bannly 2]

Zy, O A,
Z AL'ZYY P;
P* = (A* -1 1 Y = _11 1 — i )
(A7) [ Zo, } [ A1ZoaY } { P; ]

The density of P* is defined from the density of P given (5) as
1 /
L(IT*) = (27) 2% exp {—itr(P*{ —1II7) A (P} — HT)}

1 /
><(27r)_%TG2 exp {itr(P; —1I15) Ao (P35 — H;)} ,
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where IT] = (IT7,, IT},) and IT; = (ITy, ITye). The maximum of the first part of

L(IT*) occurs at I = P* and is (27)"27¢". The maximum of the second part
with respect to Iy is

1 1 ’
L(HQl) = (271')_27‘02 exp {—5171'(1)21 — H21) A22_1(P21 — Hgl)} .
This corresponds to (5).

5. Distribution of Test Criterion

The matrix ,
G=PAP

has the noncentral Wishart distribution with T'— K degrees of freedom, covariance
matrix 2 = I , and the noncentrality parameter

I =ITAII

when P has the density (6). The noncentral Wishart distribution was derived
by Anderson and Girshick (1944) with correction (1964) for IT of rank 1. The
criterion (7) can be written

Lu, _ BoGBy . b'Gb

; min ——.
Ly, BoBo b b'b

—2log (12)

Since the criterion is invariant with respect to orthogonal transformations (9), we
can write (12) for B, = (1,0)" and
IT=py = p(0,1) = (0, )
and ,
b Gb

b M

min
b
the smaller root of
0=|G —dLy| = d* — (g11 + g22)d + g11922 — G-

Thus (12) is

1
g1 —di = 3 {911 —go2 + \/(911 — g2)% + 491, | - (13)

The distribution of (13) can be found from the noncentral Wishart distribution.
See Anderson, Kunitomo, and Matsushita (2009).
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